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Granular materials forming part of engineering structures such as rockfill dams, 

embankments, the base of flexible pavements and foundations are constantly subjected to harsh 

environmental conditions and external forces including static and dynamic loads. As a result, 

these materials experience various levels of fragmentation.  

 

In this study, the levels of fragmentation were analyzed from particle/grain size distribution 

(PSD) plots before and after fragmentation as well as the fractal dimension concept from fractal 

theory. The fractal dimension concept was found to evaluate well the fragmentation induced in 

specimens of sands, gravels and glass beads. 
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Tests on abrasion as a result of peripheral fragmentation of gravels (5.5 mm.) were 

produced in the laboratory using the Jar mill apparatus. Applying the area-perimeter method of 

fractal analysis, it was found that as the profile of the particles becomes more rounded the fractal 

dimension reduces in value. 

 

Total fragmentation and crushing of granular specimens induced in test apparatus such as 

the Bromhead Ring Shear, Universal Testing machine and Standard Proctor produces the PSD 

that evolves from a uniform to a well-graded condition. As a result, the fragmentation fractal 

dimension increases. 

 

Changes in the engineering properties such as the elastic moduli, hydraulic conductivity 

and the shear strength were also studied. Tests on the elastic moduli of the fragmented gravels 

using an ultrasonic velocity Pundit apparatus indicated an increase in the elastic moduli as the 

levels of fragmentation were increased. Hydraulic conductivity tests indicated that the 

permeability of the samples decreased as the levels of fragmentation increased. Shearing of 

Quartz sand (1.6 mm.) in the Ring Shear apparatus indicated a decrease in the angle of internal 

friction as the fragmentation was increased. 

 

An investigation on the angle of repose of binary mixtures of coarse and fine materials on a 

smooth glass base as compared to that on rough surface porous stone base was also conducted. A 

theoretical relationship between the angle of repose, the angle of internal friction and the 

interface basal friction was developed. It was found that the different compositions of the binary 

mixture and the basal friction significantly influenced the angle of repose. 
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1.0 INTRODUCTION 
 
 
 
 

1.1 BACKGROUND OF THE STUDY 

 
 
Through natural processes such as physical and chemical weathering large rocks disintegrate into 

smaller sized granular materials. When the entire physical representation is completely altered 

from the initial outlook, a set of new conditions is in place in order to solve the problem in hand. 

Soils are continuously worked on in all engineering construction projects. As they are constantly 

subjected to increasingly greater loads in the field, the process of disintegration is accelerated as 

the larger sized rocks are crushed into smaller elements. 

 
Particle crushing involving particles communition, has been a subject of common interest 

in various fields of engineering in the recent years. In conjunction with the popular construction 

concept of rock fills in dams and embankments in the sixties and seventies, a number of studies 

have been carried out to investigate the strength characteristics of rock particles in contact to 

each other in the fills(1). 

 
It is said that even the hardest rock suffers considerable crushing. Terzaghi(2) showed that 

this phenomenon occurred at the points of contact of large pieces of rocks in a dumped rockfill 

causing substantial settlement. Rocks samples with irregular shapes as well as those with 

                                                 
(1) Numeric references placed superior to the line of text refer to the bibliography. 
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machine–shaped points were tested in the laboratory by Clements(3). The included-angles of the 

points were measured and the loads at which crushing damage took place were observed as 

illustrated in Figure 1. 
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Figure 1  Damage Load versus Contact Angle α  (Clements)(3)

 

The load at which fragmentation first occurs is of particular interest, because it amounts 

to failure at the contacts of adjacent rock particles causing deformation settlement. It is 

interesting to note from Figure 1 that fragmentation takes place almost immediately at every 

instance as the contact points are generally crushed at amazingly low loads. The behavior of the 

soils within the working condition should be carefully studied with respect to the crushing event 

due to the fact that this may very well alter the basic geo-materials response to load. And when 

crushing occurs the common experience with granular materials such as the effects of angularity, 

density, grain size etc. need not be valid and hence, needs reexamination(4).  

 2



 

1.1.1 Problem Statement 
 
 
Much of part of the world where man chooses to live is covered by fine-grained soils, however 

these do not always form the desired fill. With the advancements in the arts and science of soil 

mechanics almost all fills can be used with considerable success given the appropriate 

technology and construction method. However, because it is more costly to install drainage 

layers in a wet clayey fill, importing granular fill may be the better option. The final choice in 

most cases is dependent on the issue of cost. 

 
Many natural slopes and rockfill structures are made of a mixture of rock fragments and 

sand-sized particles(5). Although historically the use of stones and other granular materials in an 

engineering structure has been more common, a great deal has been written about problems 

encountered in the use of clayey materials than in granular materials(6). 

 
However, it is acknowledged that there have been serious problems related by 

geotechnical engineers in their numerous encounters with granular materials. For example, 

calcareous sands were said to complicate even site investigation and laboratory testing 

procedures due to their brittle and crushable nature(7). We have also described earlier that 

whenever in particle-to-particle contact, crushing will occur in even the hardest material. Figure 

2 shows a typical soil profile found in many parts of the world. 
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Figure 2  Rock- Soil Mixtures Resulting From Weathering(8)

 
 

The diagram shows particle breakage and fragmentation that is occurring in a natural 

environment. It is suggested that the strength and stress-strain behavior of an element of soil is 

greatly affected by the degree to which crushing or particle breakage takes place during loading 

and deformation(9). Marsal further stated that the most important factor affecting both shear 

strength and compressibility is the phenomenon of fragmentation undergone by a granular body 

when subjected to changes in its state of stresses both during the uniform compression stage and 

during deviator load application(10). 

 
Although fragmentation and crushing of granular materials are common phenomena in 

many engineering activities and engineering structures, there have been limited studies in 

particular in the civil engineering discipline on what effect these may have on the engineering 

properties of the construction materials after they were fragmented or crushed and hence the 

effects they have on the construction design of an engineering project as a whole. On the same 
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note with regard to fragmentation of granular materials, it was also observed that, failures 

involving steep slopes often leads to crushing and spreading of the failed material upon 

impacting the toe of the slopes. As this particular phenomenon and potent behavior of crushing 

increases the risk of destruction to properties and livelihood, therefore it is also important to 

investigate the factors that influence this type of geotechnical failures. 

 
Granular materials forming not only part of the designed structural members of civil 

engineering structures such as highway embankments, rockfill dams and the base of flexible 

pavements and foundations, but also together constituted a crucial drainage component in 

numerous geotechnical engineering projects. Other structural members such as sand drains and 

stone columns experienced crushing when and as they are subjected to static and dynamic loads. 

 
Because of sustained crushing, the initial engineering properties such as the hydraulic 

conductivity, shear strength and elastic modulus, by which a structure was designed for will 

change during its engineering life. There are numerous engineering structures that had failed to 

outlast their engineering life with the expected performance, and indeed the change in the 

original engineering properties of some, might have contributed to their instability and caused 

eventual weaknesses in the structures.  

 
It is only natural therefore to carryout exploratory investigations on the fragmentation 

phenomenon of granular materials because there is obviously a need to a better understanding of 

the behavior of this most abundantly used type of construction material and to provide more 

information on the evolution of fragmentation and crushing for the benefit of improving the 

design of related engineering structures. 
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1.2 LITERATURE REVIEW 
 
 

In many engineering structures such as rockfill dams, highway embankment, the base of 

pavements and foundations and in other soil stabilization systems, granular materials can be 

found to form a contiguous as well as a permanent part within the overall structural system. 

 
When subjected to static or dynamic loads materials are stressed, and at stresses reaching 

to a critical point, particle breakage occurs. Virtually in all soils tested above normal 

geotechnical pressures and for some even under low pressures breakage takes place(4, 11). In fact, 

particle breakage or crushing seems to be a general feature observed in all granular materials (12). 

 

1.2.1 Factors Contributing to Crushing  
 
 
Grain angularity, grain size, uniformity of gradation, low particle strength, high porosity and the 

stress level and anisotropy are found to influence the extent of crushing in the grains(13). 

However, it is observed that one of the most important factors influencing the crushing of a mass 

of granular materials is the crushing-resistance property of the grains(12). 

 
From previous works, it was found that the magnitude of the load leading to crushing in 

granular medium is illustrated from the examples as follows; coarse granitic sand particles with 

an average diameter of 2.8mm experienced breakage at pressures equal to 2 MPa while 

calcareous shells begin to crush at 0.5 to 0.2 MPa(12, 13) and under ordinary pressures (about 

0.98MPa), angular particles of freshly quarried materials undergo fragmentation due to 

breakdown of sharp angularities(14). 
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When a granular mass is subjected to a compressive load, the particles resist the load 

through a series of contacts between the grains(15, 16). Some particles that may have more contacts 

than the others therefore carry greater load and thus implying that the particles do not share 

equally in the bearing of the applied load. These highly loaded contacts are also usually aligned 

in chains(17, 18) and as such, as in the illustration in Figure 3, the mechanical equilibrium of the 

packing may not rely on every one particle present but rather on part of those that fall within the 

band of the chains. 

 

                                                        

 
Figure 3  Force Chains in 2-Dimensional Static Assembly of Discs in a Horizontal Container 

with Three Fixed Walls and One piston, on which a Fixed Vertical Force is Applied(18)

 

1.2.2 Mechanics of Crushing 
 
 
Fragmentation and crushing begins when highly loaded particles stressed to a critical point fail 

and break into smaller pieces. As some these broken pieces displace and move into the voids of 

the original material, the force chains in the particle assemblage change in their intensity and 

direction. When more crushing takes place the amount of finer particles increases and the curve 

of the grain size distribution becomes gentler indicating a departure from a poorly graded 

condition to a better graded mixture. It was suggested that the extent of crushing could suitably 

be measured by carrying out the grain size distribution tests on the materials(9, 11). 
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(a) Physical changes of crushed packing: With increasing finer materials content, the volume of 

the voids consequently decreases and making the soil less permeable. The broken materials are 

more difficult to be crushed further and the soil becomes increasingly more resistant to crushing. 

When a uniform granular material is crushed the resulting particle/grain size distribution 

approaches that of a well-graded soil for very large compressive loads(11). The number of broken 

grains will be a function of the level of compressive force acting on the granular assembly. The 

larger this compressive force the larger will be the number of broken grains. 

 
Crushing induced granular material, such as in the unbound granular base under an 

asphalt pavement, causes a decrease in volume of the original assembly. A settlement can be 

detected if the material is laterally confined. This settlement varies according to the level of 

crushing and the type of breakage that has taken place. The compressive force acting on the 

small broken pieces that are produced aids their migration inside the granular mass. If the 

breakage produces multiple small pieces that are small enough to migrate to the adjacent voids 

then the decrease in volume of the material packing will be substantial. However, if the breakage 

consists a few broken pieces large enough to replace the space of the original particles than the 

reduction in the volume the will be insignificant. 

 
It was established that the grain size distribution of a granular assembly that had been 

crushed under large comprehensive loads was a fractal distribution(19). Depending on the 

magnitude of the compressive load applied to it, the granular structure will experience gradual 

changes in particle sizes before it reaches a well graded or a fractal particle size distribution. A 

well-graded particle distribution or, particles with a fractal distribution represent a granular 
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structure that is made of grains of all sizes including the original unbroken grains. According to 

Lade et. al.(11) these original large grains did not break because with more small size particles 

surrounding them the average contact stress acting on these large grains tends to decrease. It was 

also suggested that the amount of crushing produced by a given breakage effective stress may be 

expected to decrease with increasing particle concentration because the contact forces will be 

reduced by increased concentration. 

 

 

1 
2 

3 4 

 
 

Figure 4  Evolution of Crushing in a Confined Granular Material under Compression 

 
 
 
(b) Crushing process in a laterally confined assembly: A simplified representation of crushing 

process of a granular assembly subjected to a vertical load Pi similar to those experienced by the 

granular base under an asphalt pavement shown in Figure 4 illustrates the evolution of the 

crushing in four stages(20). Discs stacked in a cubical arrangement as in Figure 4(a) represents the 

original loose unbroken granular particles packing. Small isolated dense zones of broken 
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particles were then formed as a few particles started to break under low compressive loads. As 

shown in Figure 4(b), the amount of voids that is filled constitutes 31% of the total volume of the 

voids. 

 
As more particles are crushed under increasing loads, the number of pockets of dense 

zones of broken materials increases and becomes connected and in turn, the loose packing zones 

of intact particles becomes isolated. The Figure 4(c) indicates that the percentage of voids filled 

with crushed particles has increased to 64.5%. And with much higher compaction load P4 applied 

to the packing, a high level of crushing is attained with 82% of the voids occupied by the crushed 

materials as observed in Figure 4(d). 

 
(c) Stability and drainage in flexible pavements: Drainage in many geotechnical structures as 

well as structure such as the road pavement forms a very crucial component in the overall design. 

In most cases, the stability and the safety of such structure depends greatly on the efficiency of 

the drainage system constructed within the structure. According to Cedergreen(21) unless the 

pavements are well drained under their full width, because of their relative flatness water that 

may enter through their tops, bottoms and sides exit the structures very slowly. And waterlogged 

pavements due to the inability of the base to drain water efficiently often caused numerous 

problems to the asphalt. 

 
Assuming drainage goes vertically or horizontally, Figure 4(a) illustrates a well-drained 

granular base and Figure 4(b) displays interconnected pockets of loose particles that may still 

provide an adequate drainage system. However, in Figure 4(c) and Figure 4(d) the loose grain 

zones are disconnected and the dense crushed particles zones on the other hand are 

interconnected thus denying free passage of water to the outside via connected voids. A closed 
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hydraulic system such as this in a flexible pavement developing excess pore water pressures 

under traffic loads will result in the failure of the granular base as well as the pavement(21). 

Therefore as the crushing process approaches the latter condition, serious problems will develop 

in the pavement. 

 
(d) Innovative usage of granular material: Under relentless loading due to traffic granular base 

for flexible pavement structure requires very durable rock particles that do not crush in order to 

provide the required solution to the drainage problem. Unfortunately such materials are not 

always easily available and if they are, the high cost of obtaining them may render a project 

economically unfavorable. 

 
The solution of a granular material that crushes and somewhat allows water to drain 

points to the conditions illustrated in Figure 4(b). In addition, the crushing could be designed to 

produce adequate fine materials in the mixture to help reduce the point-to-point contacts between 

the large particles. If such grain size distribution is achieved detrimental settlement could also be 

avoided because reduction of point-to-point contacts prevents rotations and reorientation of the 

larger particles, which is one of the causes to the long-term settlement in rockfills(22). 

 
As crushed materials are expected to acquire increased resistance to further crushing with 

the reduction in point-to-point contacts of the larger particles, the required size distribution could 

be achieved in the field using heavier compaction equipment. Such positive effects of crushing 

on the granular materials are highly warranted. And only after the targeted distribution is 

achieved, the flexible pavement could be laid on the optimally engineered granular base that will 

now enhance the performance of the structure.  

 

 11



 
 
1.3 THE NEED OF RESEARCH ON FRAGMENTATION OF GRANULAR MATERIALS 

 
 

Fragmentation or crushing occurs when slow failed material comes to rest on the stable ground 

and when soil materials are subjected to static and dynamic loads. To date there is not much 

research being conducted on the effect of varying levels of crushing of granular materials have 

on their engineering properties namely, the hydraulic conductivity, the shear strength and the 

elastic moduli. 

 
Fragmentation of granular materials produces fines. The contribution of these fines in 

changing the engineering properties of the material’s use in an engineering structure may be 

substantial and has been the subject of keen research for many years. Because of grain 

fragmentation, several different features of geo-material behavior maybe produced for example 

dense sands start to behave like loose sands. Changes in the geo-materials’ response to load may 

have serious consequences in an engineering structure that have been constructed. Understanding 

the effect of fragmentation on the engineering properties of the material is therefore highly 

desirable to a designer to produce a well-designed structure especially for those that have 

components of granular materials. 

 
For the sake of simplicity, fragmentation can be defined into two types, namely total 

fragmentation and peripheral fragmentation, also known as abrasion. In most cases these forms 

of fragmentation are related to the intensity or level of loading that they are subjected to. The 

diagram in Figure 5 illustrates the two types of fragmentation that may take place as granular 

materials respond to loading. 
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                                             (a)                                                          (b) 

 

Figure 5  An Illustration for the Before and After Conditions in (a) Peripheral Fragmentation 
(Abrasion) and (b) Total Fragmentation 

 

 
Abrasion takes place when the sharp corners and edges of the granular particles are 

removed as a result of compressive and shear loads while the bulk masses of the grains are left 

intact as indicated in the Figure 5 (a). And as the particles become more rounded, a lot of fines 

are produced. Total fragmentation on the other hand produces fragments of various sizes as 

indicated in Figure 5 (b). The particles completely disintegrate after being subjected to load. A 

laboratory exercise on abrasion will draw the distinction between total and peripheral 

fragmentation. An analysis on the fractal dimension of the materials will also be performed.  

 
The key measure of the strength of a granular material is its inter-granular friction angle, 

also known as angle of internal friction. And the angle of internal friction of a material is akin to 

the angle of repose. In the beginning of this research the importance of the relationship between 

the angle of repose as the material property and its internal friction angle will be investigated. 

For this purpose, a simple angle of repose funnel’ laboratory test is performed. A relationship 
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between basal friction, internal friction and angle of repose is then developed and examined 

through a simulated fragmentation model in an attempt to relate the effects in the strength 

properties of the material. 

 
Initial information to grain crushing using the ring shear apparatus is referred to in 

formulating a simplified simulated model for testing the phenomenon of fragmentation due to 

slow continuous failures. In addition, a comprehensive investigation on the changes in the elastic 

modulus and the hydraulic conductivity before and after crushing is conducted on various levels 

of fragmentation due to static and dynamic loading. The relevance of introduction of fractal 

theory to enhance the understanding of grain crushing and encouraging the application of the 

fractal dimensional number in the future related works is an important feature of the research. 

 
 
 

1.4 THE OBJECTIVES AND SCOPE OF THE STUDY 
 
 
The principle objective of this study is to investigate fragmentation and the effects it has on the 

engineering properties of granular materials in relation to hydraulic conductivity, shear strength 

characteristics and elastic modulus. To achieve this, the investigations on the materials are 

carried out at an initial stage before the crushing, and proceed to the later stages after crushing in 

order to provide a better understanding of the changes caused by each event. A comprehensive 

evaluation at those stages on the shear strength characteristics, the elastic modulus of the 

materials and their hydraulic conductivities is carried out by experimental simulation in the 

laboratory. The other part of the investigation involves a theoretical evaluation of the 

experimental results and the application of the fractal theory based models. 
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The scope of the investigation focuses basically on crushing fragmentation phenomenon 

in the laboratory including, fragmentation as a result of slowly shearing mode, fragmentation due 

to static loading and fragmentation due to dynamic forces. To satisfy these objectives the 

following explorative studies are performed. 

 

1.4.1 An Investigation on Fragmentation of Sand: The Effect on Angle of Repose 
 
 
(a) Crushing of Sand with Shear Apparatus: As an introduction to the investigation on the 

crushing, the behavior of coarse sand under gradually increasing uniaxial loads were carried out 

initially using The Ring Shear apparatus. The shear strength characteristics as well as the 

different levels of crushing in an extended duration of stress were observed to understand the 

properties and the limitations involving the respective granular material. Following this, a 

comparative study is conducted on the fragmentation of coarse Quartz sand, Calcareous and 

Ottawa sand.  

 
(b) Angle of Repose: When fragmentation takes place as a result of slow evolution of failed 

materials in slope failures, the heap of disintegrated material formed at the toe of the slope 

spreads out in a manner related to the shear strength properties of the material as well as the 

interfacial friction forces developed in the event between the failed material and the impacted 

surface. For the fragmented heap of granular material, the extent over which the quantity of the 

failed material is distributed on the contact surface depends on among other factors, the angle at 

which the heap makes with the horizontal surface known as the angle of repose.  

 
Presently, the angle of repose of a granular material is commonly implied as a close 

resemblance of the measure of the angle of internal friction of a granular material and to a certain 

 15



extent they are considered the same. In many cases the concepts in relation to both of the 

characteristic properties of the granular material has not been clearly defined and the 

understanding that they are both the same is left very much uncontested. The study seeks to 

clearly distinguish the unique relationship between the angle of repose and angle of internal 

friction. An investigation on the angle of repose, friction angle and interface angle was 

conducted in the laboratory using different proportion of the coarse Quartz sand (average 

diameter of 1.6 mm) and the very fine of the sand of size smaller than 0.104mm in diameter. 

 
(c) Rankine Active Earth Pressure–Wedge Theory: This was employed to describe the mechanics 

of the formation of the heap from which the angle of repose of the granular material was 

observed. The theoretical values were then compared to the ones obtained in the laboratory in an 

attempt to define the relationships involving the internal friction angle and the angle of repose of 

the granular material with the basal interface friction between the granular material and the 

material forming the supporting base of the heap. 

 

1.4.2 An investigation on Fragmentation of Gravels: The Phenomenon of Abrasion 
 
 
An important product of granular fragmentation is fines particles. A material may be found 

unsuitable for use in road construction due to excess in the fines content of the material since 

fines is said to increase the possibility of a number of failures in flexible as well as rigid road 

pavement. It is therefore important to investigate the conditions relating to abrasion in gravels 

and to carry out analytical study in order to add to the understanding of this subject. 
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1.4.3 Investigations on Fragmentation due to Static and Dynamic Loads 
 
 
For the crushing of glass beads and small-sized gravels these larger sized granular materials were 

crushed under constant stress apparatus simulating the static loading conditions and also under 

repeated falling hammer loading simulating the dynamic loading conditions. The important 

characteristic properties of the materials investigated include the hydraulic conductivity, and the 

elastic modulus. Static and dynamic compression tests generating crushing evolutions are carried 

out in the laboratory to simulate the confined conditions such as those found in parts of structures 

such as in the rockfill dams, highway embankments, stone columns, sand drains, flexible 

pavements and in the bases of foundations.  

 
The exploratory investigations carried out over a series of tests intended to acquire a 

comprehensive understanding regarding the changes experienced by granular materials under 

simulated static and dynamic loading conditions. The objective is therefore to study and analyze 

the changes in the hydraulic conductivity, the shear strength characteristic specifically, the 

friction angle, and the elastic modulus of a sample before and after each crushing event. 

 

1.4.4 The Fractal Theory 
 
 
As the result of crushing of the coarse sand in the Ring Shear apparatus, the strength of the 

granular material on different level of loading is obtained. The grain-size distribution for every 

level of crushing is computed and simultaneously using the mass-based approach of the fractal 

particle-size distributions(23), dimension number can be assigned for each one evolution of 

crushing. 
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Similar exercise of fractal analysis was performed for the other laboratory-tested materials. 

Before and after every crushing of the glass beads or the small-sized gravels, they are 

mechanically sieved and a fractal analysis is then carried out for each sample. The objective of 

the exercise is to relate the fractal number to the engineering properties as described in the earlier 

discussions. 

 
 
 

1.5 ORGANIZATION OF THE DISSERTATION 
 
 

Chapter 1 introduces the topic of the research. A description on fragmentation process was 

detailed including the importance and the need of the present study. A thorough literature review 

was included focusing into the scope of the study. An outline of the overall research contents is 

described. 

 
Chapter 2 describes the engineering properties of the granular soil that the study is focused on. 

The factors affecting the strength characteristics, Elastic modulus, permeability and their uses are 

discussed. 

 
Chapter 3 introduces fractal theory and. discusses statistical distributions involving 

fragmentation of rocks and soil particles. Mathematical relationships in relation to the 

development of fractal distributions are presented in brief to appreciate important aspects of 

fractal dimensioning. 

 
Chapter 4 describes fragmentation and crushing processes in sand due to gradual shearing. The 

Ring Shear apparatus employed in the laboratory were used to measure and investigate 

fragmentation characteristics in sands that have different structures namely, Quartz, Calcareous 
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and Ottawa sand. Particle size distribution analysis was performed. Fractal fragmentation 

relationships to the strength and the hydraulic properties of the material are demonstrated and 

compared analytically. 

 
Chapter 5 introduces binary mixture in the simulation of fragmentation and focuses on the 

important effect of fragmentation on the angle of repose. A theoretical formulation was 

developed from a statically determinate problem to arrive at a general equation as well as the one 

implied as the equation for the special conditions. Intensive experimental exercises related to the 

angle of repose of binary granular mixtures were carried out. The data were processed and 

compared to the theoretical values. 

 
Chapter 6 introduces fragmentation involving the larger sized granular materials. The chapter 

presents exploratory investigations on peripheral fragmentation (abrasion). The distinction of the 

phenomenon is demonstrated by experimenting on angular as well as round structured gravels. 

Fractal analyses using both area-perimeter method and mass-based method were employed in 

order to quantify the abrasion effects in both cases. 

 
Chapter 7 describes and analyzes the laboratory data with respect to the crushing characteristics 

of glass beads and small gravels using the Universal Testing Machine (UTM). Laboratory tests 

on elastic moduli of a granular specimen before and after crushing were performed to relate the 

effect of fragmentation to the values of the elastic constants 

 
 
Chapter 8  describes tests on the permeability of the granular soil before and after the 

fragmentation process due to static and dynamic load. Cells where the granular materials was 

crushed was used as a Constant head permeameter to measure hydraulic conductivity. To have a 
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clearer understanding of the effect of different physical shapes of particles on hydraulic 

conductivity, round and angular-shaped gravels are used in the exercise to explore the effect of 

the shape on their engineering properties and to relate the result to fractal dimension. 

 
Chapter 9 is the summary and the conclusion of the research works in the thesis. 
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2.0 ENGINEERING PROPERTIES OF GRANULAR SOIL 
 
 
 
 

2.1 PERFORMANCE AND CHARACTERISTICS 
 
 

The performance of the granular soil as a particulate system in an engineering structure is very 

much dependent on the properties of the granular materials involved. A granular material is often 

a preferred option to a clayey material with a large percentage of fines because it provides the 

necessary features or elements required to successfully make a designed structure functions 

efficiently. 

 
For example, in both flexible and rigid pavements, it is found that poor performance of 

unbound granular layers contributes to reduced life and costly maintenance. In flexible 

pavements, failures of the bases are manifested as rutting, fatigue cracking, longitudinal 

cracking, depressions, corrugation and frost heave. Whilst in rigid pavements their failure 

contributed to pumping, faulting, cracking and corner breaks(24).  

 
The use of the granular base appeals because the inclusion of the granular layer to 

support the traffic load provided the additional strength to the system. Ideally, we would want to 

get materials with the highest strength and durability in a construction project. However, this 

shall not be realistic in most cases. Because most granular materials failed at point-to-point 

contacts fragmentation and breakage is expected in materials with a lesser strength. 
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In relation to the strength and durability of the material, the characteristic property of the 

particulate such as the elastic modulus is important. With the elastic modulus of the material 

known it will provide the very important information regarding the extent of settlement that may 

take place under imposition of vertical loading. 

 
As soil is inherently a multiphase system it is important to assess the property of the 

granular soil and predicts its reaction when interfacing with the water regime. As the presence of 

water could cause problems, the presence of a granular regime provides the necessary drainage 

to keep the structural members dry. The permeability of the soil is therefore the other very 

important factor that will be investigated in this research. 

 

2.1.1 Strength Characteristics 
 
A soil engineer equates soil strength to the soil shear strength. The strength characteristics that 

influence the shear strength of granular materials is defined by the internal frictional force 

developed within the soil skeleton as a result of an external load acting on them. Coulomb(25) the 

French engineer, proposed that the normal stress across a potential shear plane tends to press the 

two parts together, giving an internal friction that opposed their movement. Coulomb’s failure 

criterion that relates the critical shear stress cτ  at failure on an arbitrary failure plane in a 

material to the normal stress nσ  acting perpendicular to the plane is expressed as follows. 

 

                                 0tan τφστ += nc                                                    (2.1) 
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Where φ  is called the angle of internal friction, cτ  and nσ  are the shear and normal stresses 

respectively at failure and 0τ  is the cohesion.                                           

 
According to some earlier researchers shear strength of granular material is, to a large 

extent, influenced by the initial void ratio and to some extent by the particle shape, the surface 

roughness, and the grain size distribution(26). However since particle shape, the surface 

roughness, and the grain size distribution are characteristics of a specific soil deposit, their effect 

leads to the differences in the strength characteristics of various deposits. 

 
(a) Angle of Internal Friction: The internal friction angle is a characteristic property of a specific 

material. The term cohesion 0τ  which was in fact defined as the shear stress necessary to 

overcome the initial strength of the material when nσ  is zero, for a granular material is 

considered negligible(27). And thus in accordance to the empirical equation given, the ratio of the 

shear stress with respect to the normal stress at failure is approximately constant for the material. 

 
As we know, the friction between the particles in a granular form is dependent on the 

nature of contacts between the grains. Therefore in the study, factors that influence the 

characteristics of the contacts will be investigated during the process of fragmentation-evolution 

of the granular soil. The determination of angle of internal friction is to be accomplished mainly 

by the ring shear apparatus and in some instances by direct shear box test. 
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Figure 6  Stress-Strain and ‘Volume Change’-Strain Relationships for Samples of Dense and 
Loose Sands(28)

 

There are two major factors that determine the soil friction angle in the laboratory test. 

The energy applied by the external load used both to overcome the frictional resistance between 

the soil particles and also to expand the soil against the confining pressure. In a study of stress 

dilatency theory presented by Rowe(29) it was explained that in order for sliding to occur soil 

grains which were highly irregular in shape have to be lifted over one another in the behavior 

called dilatency. Hence, the angle of friction φ  can be expressed as,      

 

                                    λφφ += u                                                               (2.2)       
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Where, uφ  is the angle of sliding friction between the mineral surfaces and λ  is the effect of the 

interlocking phenomenon. 

 
The effect of the interlocking component of shear strength is realized especially in the 

dense sand by the peak in the stress-strain plot(28) as illustrated in Figure 6. At greater strains in 

the plot as the interlocking stress is overcome, the curve for the dense samples at high strain 

tends to arrive to the same level as the loose samples. 

 

  

θr

Funnel  

 

 

 

 

 

Figure 7  The Measurement of Angle of Repose, rθ of Free-Flowing Granular Material 

 
 
(b) Angle of Repose: Free-flowing granular materials are easily employed in tests for angle of 

repose. It is the particle size, shape and bulk density that will affect the flow ability of the 

materials(30). As shown in Figure 7 granular materials are dropped through a funnel to form a 

heap of soil in the form of a cone on a horizontal plane and the angle at which the slope of the 

stable cone made with plane is called the angle of repose.  
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Slopes in homogeneous and cohesionless soils do not exhibit deep circular failures 

instead they fail by shallow sliding motions parallel to the slopes. Assuming each grain of sand 

acts like a block lying on an inclined plane, when the slope angle exceeds the angle of friction of 

sand on sand (angle of internal friction), the sand grain will slide down the plane. The steepest 

slope that sand can attain hence represents the angle of internal friction of the sand(20). It could in 

fact be the minimum value because near the surface the sand is very likely to be found in a loose 

condition. 

 

Since the measure of Angle of Repose is easily performed without too many restrictions, 

it has been used to estimate the value of the angle of internal friction φ  for a dry granular 

material. Such is not the case for tests using the direct shear equipment. Because of its generally 

rather small size, the container shearbox restricts that only small diameter granular materials 

(such as sands) should be used to ensure a higher degree of accuracy in the test results. 

 

(a) (b) 

avalanche 

θM   θM

 θr

 
 
 
 
 
 
 
 
 
 

Figure 8  (a) Scheme of Packing Before the Avalanche Begins at Mθ , The Maximum Angle of 
Stability. (b) rθ  is the Angle of Repose When the Avalanche Stops(31)

 

It is found however that measurement of angle of repose has also been conducted in a 

slightly different manner than the one illustrated in Figure 8. A granular material packed in a box 
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is tilted to an angle Mθ , which is the maximum angle of stability at which avalanche takes place. 

As the large sliding decreases the slope of the free surface, the slope of the second critical angle31 

that is the angle of repose is obtained. 

 

(c) Grain Size Distribution: The measure of grain size distributions is a very important aspect of 

the study. As the particle size seems to affect the flow ability of the granular material it will be 

interesting to see what effect this would also have on the internal friction angle measured using 

the ring shear as well as the shear box apparatus. 

 
By conducting the sieve analysis before and after fragmentation of the granular material, 

Breakage index(32) as well as Fractal dimensional analysis could be performed(33) to facilitate the 

understanding of their influence with respect to the strength characteristics of the materials 

tested.  

2.1.2 Elastic Modulus 
 
 
Soils and granular materials in completed pavements are subjected to large numbers of load 

applications at stress levels well below their shear strength. However, under partially completed 

pavements, when construction traffic is applied directly to the granular layer, the number of load 

applications is fewer but the stress levels are much higher(34). Moreover although under a single 

application of a moving wheel the pavement response is essentially resilient, under repeated 

loading, plastic and viscous strains can accumulate. The following plots in Figure 9 indicate the 

large difference in the magnitude of vertical stress subjected to the granular layer of the 

pavement foundation. 
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(a)           (b)  

Pulse receiver (a) 

 

Figure 9  In Situ Vertical Stress in Sub-Grades (a) Below 165mm. Asphalt Construction at 
Wakefield, England (b) Below 350mm. Granular Layer at Bothkennar, Scotland(34)

 

In an embankment forming a water-retaining dam for example, settlements and 

deformations are often observed during the placement of the granular fill. These settlements and 

deformations may be of much greater concern compared to a road pavement settlement in terms 

of the magnitude of settlement. In both cases it is clear that the evaluation regarding elastic 

response of the granular material is necessary in the design of these structures so that their 

performance can be well predicted and assessed. 

 
For the calculation of the elastic deformation experienced by soil when subjected to 

either static or dynamic loads the values of the elastic moduli comprising Young’s modulus of 

elasticity, E, Poisson’s ratio, υ  and the shear modulus, G are required. Although it is arguable 

that the theoretical analysis of the stress-strain response of the soils may be more akin to an 

elasto-plastic or elasto-visco-plastic analysis rather than elastic, solutions based on linear elastic 

behavior are also commonly used for the estimations of stresses or strains in the field.  
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The laboratory testing equipment used to measure the elastic moduli of the materials 

includes an ultra sonic pundit apparatus that measures the progressive P waves and the shear S 

waves distance traveled in a given time across a sample, hence the velocities Vp and Vs 

respectively. The equations employed are similar to that used in the recent research by 

Loboguerrero(35). The equations for the Young’s modulus of elasticity, E, Poisson’s ratio, υ  and 

the shear modulus, G are as follows. 
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      Shear modulus,                                                                       (2.5) 2

sVG ρ=
 
 
 
where,   ρ is the density of the particulate system through which the waves passes 
 

Vs  is  the shear velocity wave, and 
 

Vp  is  the compression or progressive velocity wave. 
 
 

2.1.3 Hydraulic Conductivity 
 
 

Soils and granular materials in pavements exist above the water table but beneath a sealed 

surface though this may not completely inhibit ingress of water. Therefore because of such 

arrangement both saturated and partially saturated conditions can be present at one time or the 
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other in the system(34). Granular materials forming part of highway embankments, rockfills, rigid 

and flexible pavements and bases of foundations are all introduced into a system with the 

common criteria that water that enters the system will immediately be drained away. 

 

However when the granular materials are subjected to static and dynamic loads crushing 

and fragmentation will increase the fine fragment component of the system and hence increasing 

the tendency of a closed system(21) as described earlier. Although with the increase of finer 

fragments the strength of the granular system is expected to improve as the system acquired 

greater resistance to further crushing, the tendency to reduce their hydraulic conductivity at the 

same time will take away their favorable contribution if in the long run the system is rendered 

less efficient.  

 

The permeability of the granular materials is to be monitored before and after every 

fragmentation stage to understand this relationship. In hydrogeologic practice, methods based on 

empirical formulas are often used to determine hydraulic conductivity. Some of these equations 

are presented in Table 1. One of the reasons for the existing variations in these equations is that 

often the conditions and the domain of applicability under which the proposed empirical 

formulas were derived differ. To complicate matter more, there are also a number of variations 

for a particular equation under an author in deferent texts(36, 37). Kozeny-Carman equation that 

was proven to give a good fit to laboratory test data(36) for coarse-grained soils will be used along 

with Hazen equation which is always found to be popular partly due to the simplicity of the 

formula. 
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Table 1  Empirical and Analytical Solutions for the Hydraulic Conductivity 
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3.0 FRACTAL THEORY AND FRAGMENTATION OF ROCK  
 
 
 
 

With a scale a map will be able to indicate if it covers 10 meters or it is in fact covering 10 km. 

In the discipline of Geology, an object with a characteristic dimension, such as, a coin, a rock 

hammer or a person is often included in a photograph in order to provide an appreciation in the 

sense measurement in size. It is in this context, Mendelbrot(38) introduced the concept of fractals. 

It is for the same reason of scale invariance that the length of a coastline increases as the length 

of the measuring rod decreases in accordance to a power law. The fractal dimension of the 

coastline is thus determined by the magnitude of the power. 

 
The word “fractal” originated from the Latin word “fractus” means broken, irregular 

fragments was used to introduce the concept of fractional dimensions, a concept in specialized 

areas of physics and mathematics developed by Hausdorff(39) in 1919. The concepts introduced 

by Mandelbrot(38) in 1967 were generally associated with describing irregular and random 

phenomena in nature. 

 
 
 

3.1 FRACTAL THEORY 
 
 
The shapes of forms have been viewed dimensionally in the Euclidean sense. Euclidean 

geometry describes objects by points, lines, planes and cubes using dimensional numbers of 0, 1, 

2 and 3 respectively. A measure that is established in a dimension such as length for a line, area 
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for a plane or volume for a cube remains invariant with respect to the unit of measure. Whether 

feet or inches is used the length of a line remains the same. On contrary, an object found in 

nature, rough surfaces that appear irregular and disordered for example, are scale-dependent in 

their measures of length, area and volume. This relatively new mathematical concept in fractals 

is used in describing the geometry of these irregular shaped objects suggests that their 

dimensions are not limited to integers but rather in terms of a continuous real number in the form 

of a fraction. For the Euclidean or topographic dimension, a line of any shape is one and two for 

a surface. The fractal dimension for a line of any shape varies between 1 and 2, and for a surface 

between 2 and 3. The rougher or more irregular is the fractal, the larger is its fractal dimension. 

3.1.1 Fractal Dimension Concept 

 
By decreasing the unit of measurement Mandebrot(38) found that the length of a coastal line, L 

does not converge but instead increases. A relationship in the form of L ∝  ε (1-D) was developed 

when the increasing values of L were plotted against the decreasing unit of measurement ε  on a 

log-log plot. What he concluded then was that the real number D was in fact the dimension of the 

coastline. It was this concept that marked the origins of fractal geometry related to self-similar 

and self-affined fractals that have thereon unearthed numerous applications in characterizing and 

describing disordered and chaotic phenomena in science and engineering. 

 
(a) Self-Similar Fractals: Self–similar fractals includes exactly self-similar as well as statistically 

self-similar fractals. As an example, the coastline problem discussed earlier is a statistically self-

similar fractal as compared to exactly self-similar fractal which according to mathematicians 

includes the likes of Cantor dust, Sierpinski carpet and Koch curve42 that strictly prescribe to 

certain mathematical forms. 
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In the similarity transformation, points X = (x1, x2,  ..., xN) in the Euclidean space are 

transformed into new points X’ = (r1x1, r2x2,   .., rNxN) where the scaling ratios are equal (r1 = r2 = 

…, = rN = r). If the points X’ are identical to the original points X then they are exactly self –

similar. They are statistically self similar if the transformed points of X’ are identical in all 

statistical respects to the original points X. 

 

(b) Self-Affined Fractals: The definition of self-affined fractals includes self-mapping, self-

squaring and self-inverse fractals. This involves cases where the sets are not clearly defined as 

self-similar due to the fact that the different physical quantities cannot be scaled with a same 

scaling ratio. For instance in the study related to the motion of a Brownian particle, the different 

physical quantities of time and position cannot be scaled with the same scaling ratio. The self-

affined transformation therefore provides for a general form for the self-similar transformation 

where the scaling ratios r1, r2,  .. rN, are not all equal. 

 
 
 

3.2 FRAGMENTATION OF ROCK 
 

 
As the most abundant building material on earth, rocks has been the object of keen research and 

interesting innovations since the early history of mankind. Rocks of different sizes provide 

different uses and have been utilized in many different ways. From our early encounters with the 

material, it has been recognized that larger size rocks break down into smaller fragments through 

fracturing. The magnitude of force that is needed to break rock materials comes in various forms. 
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Fragmentation of the earth crust is by tectonic processes involving faults, fractures and join sets. 

On the other hand, rock fragments can be produced in many different ways and may involve 

natural or manmade activities such as weathering or by explosion, and impact. 

 
Relatively little progress that has been made in developing comprehensive theories of 

fragmentation has been attributed to the fact that fragmentation involves the initiation and 

propagation of cracks. The highly nonlinear process of fracture propagation requires complex 

models for even the simplest configuration. Fragmentation also involves the interaction between 

fractures over a wide range of scale. If fragments are produced with a wide range of sizes and if 

natural scales are not associated with either the fragmented material or the fragmentation 

process, fractal distributions of number versus size would seem to be expected(40). 

 

3.2.1 Statistical Distributions and Rock Fragments 

 
Fragment sizes distribution is clearly a statistical problem. Masses of n fragments 

represent discrete data that can generally be characterized by a set of n data points {x1, x2,…xi,…. 

xn}. Following the standard practice of describing the statistical properties of a discrete data, the 

mean and moments of deviations from the mean can be obtained as follows. The mean value of 

xi, x is given by, 
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and the second-order moment of distribution which is the variance V is given by, 
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the standard deviation σ is related to variance as such, V=σ  
 
 

The common practice of fitting an empirical statistical distribution to a discrete set of 

data is often done by equating the mean x , variance V and skew γ of the distribution to that of 

the data. Where the third-order moment skew γ representing the asymmetry of the data is given 

as, 
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A variety of statistical relationships are used to correlate data on the size distribution of 

rock fragments. According to Turcotte(41); two of the most widely used distributions are the log 

normal and the power law. Korčak once stated that only two fundamental types of statistical 

distribution exist and that they are the normal and the power law distribution(42). However other 

statistical distributions have also been used to approximate particles size distributions of rock 

fragmentations(40, 43,44).  

 

3.2.2 The Common Distribution Functions 

 

Gaussian distribution or the normal distribution also simply known as the bell curve is one of the 

most widely used statistical distributions. The wide applicability of the distribution is attributed 

to the central limit theorem. The theorem states that if the distribution is the sum of a large 
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number of independent random distributions, the distribution will approach a normal distribution 

as the number approaches infinity. As it is symmetrical about its mean, the coefficient of skew 

for a normal distribution is zero and the independent variable x takes on all values from - ∞ to 

∞. +

 

In many applications however, a distribution of only positive values is required. In such 

cases the log-normal distribution hence become the more popular distribution and is found 

skewed to the right giving equal probability of ratios of sizes rather than differences of sizes. The 

log-normal distribution can be obtained directly from the normal distribution simply by taking 

the logarithm of the normally distributed values. The probability distribution of both of these 

functions are indicated as follows, 
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The log-normal distribution :  
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where,  y = ln x 

 
Whilst the normal distribution function is a two-parameter function, referring to the 

arithmetic mean x  (which is also the mode and the median of the distribution) and the standard 

deviation σ , the log-normal distribution is basically depending on one parameter and that is the 

coefficient of variation . The coefficient of variation is the ratio of standard deviation and 

mean. And having both as positive numbers, the ratio of the two quantities is a measure of the 

spread of the distribution. 

vc
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In 1956 as proposed by Gardner(45) a two-parameter, log-normal distribution was used to 

fit soil grain-size distribution data. However, because the equation often failed to provide a close 

fit of the grain size distributions, improvements were later made upon the log-normal equation 

by introducing three-parameter and four-parameter log-normal equations. 

 
According to Fredlund(44) who discussed extensively on numerous mathematical 

representations of soil grain-size distributions, the limitation associated with using a log-normal 

type of equation is the assumption that the grain size distribution is symmetric when in reality it 

is not. Secondly, for soils that are gap-graded or bimodal as in many cases of fragmentation(46) 

application of the four-parameter log-normal equation does not render satisfactory results. 

3.2.3 The Fractal Distributions 
 
 
In his own word Mendelbrot described that a fractal is the shape that is formed by part that is the 

same as the whole. The fractal dimension D provides a measure of the relative importance of 

large versus small objects. Long before the concepts of fractals were conceived it was recognized 

that there were empirical applicability of power-law statistics to geological phenomena(47). Other 

distributions that have been used also include the normal (Gaussian) distribution and the log-

normal distribution which were described earlier. A fractal distribution requires that the number 

of objects larger than a specified size have a power-law dependence on the size. Evidently, the 

power-law distribution is the only distribution that does not include a characteristic length scale 

and thus making it applicable to scale-invariant phenomena. To the many geological phenomena 

including frequency-size distribution of rock fragments and mineral deposits scale invariance 

provides a rational basis for the applicability of power-law, fractal distribution(38), just as central-

limit theorem provides a basis for the usage of Gaussian distribution. 
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Fractal sets such as Sierpinski carpet, Cantor set, the triadid Koch island which are 

deterministic fractals can be defined quantitatively using a mathematical equation similar to the 

one given below(48). In fragmentation however, using Korčak’s empirical relationship of size 

distribution of areas of islands, Mandelbrot suggested that fractal fragmentation could be 

quantified by developing fractal dimension from the equation(33). 

 

                                                 
FDr

CrRN => )(                                               (3.6) 

 
For the distribution to be fractal, the number of objects N (fragments) with a 

characteristic linear dimension greater than r should satisfy the above relation given C as a 

constant of proportionality and DF as the fractal dimension. Statistical number–size distribution 

for a large number of objects such as rock fragments can also be fractal. They are commonly 

recognized as statistical fractals. In soil particle-size distribution the concept of fractal scaling 

suggests that across a wide range of scales, the solid phase of the soil appears self-similar(23). 

 

3.2.4 Associated Statistical Distributions 
 
 
(a) Pareto distribution.  
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The standard form of the distribution is obtained when k = 1. Plotting the probability distribution 

function for the standard form of the Pareto with positive values of a shows that the power-law 

tail of the Pareto distribution dies off more gradually than the tails of the normal or log-normal 

distributions, a characteristic of fractal distributions. A close association between statistical 

fractals and Pareto distribution can be demonstrated as follows; 

 

Standard form of Pareto cumulative distribution ;  0
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For , equation (3.9) becomes, 1>>y ay
yF 1)( = indicating similarity to the statistical fractal 

equation (3.6) that lead many to believe that fractals are a trivial function of the Pareto 

distribution. However, a very important distinction that exists between the two can be shown as 

follows, 
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(b) Exponential distribution. 
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Cumulative distribution function;  
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Equation (3.11) known as the Rosin and Rammler (Rosin-Rammler-Bennett)(49) 

distributions is also used extensively in geostatistical applications. The equation can also be 

written as the following and known as the Weibull distribution(50). 
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If ( vxx 0 )  is small, then the exponential in equation (3.12) can be expanded in a Taylor 

series to give, 
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Neglecting the higher powers ( )vxx 0  and substitute (3.13) into (3.12), it is seen that for 

small x the Weibull distribution reduces to a power-law (fractal) distribution(50) as follows,  
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3.2.5 The Sieve Analysis Application: Particle(Grain) Size Distribution (PSD) 
 
 
Civil engineers and other soil scientists commonly use sieve and hydrometer test data to present 

the particle-size distributions (PSD). In the analysis, using a semi logarithmic graph paper as 

suggested by The American Society for Testing and Materials standards D1140-54 and D422-63 

(ASTM 1964a, 1964b) the cumulative percentage finer by mass is plotted against the respective 

sieve openings representing the grain sizes. Due to its simplicity and informative nature the PSD 

is very much favored when performing routine soil classification works. Through the PSD 

researchers are attempting to estimate other soil properties such as the soil-water characteristics. 

The existence of such prospect makes mathematically represented PSD becomes even more 

appealing.  

 
In the sieve analysis the mass of fragments passing through a sieve with a specified 

aperture r is M(<r) and the remaining mass is M(>r). Thus we have the total mass MT as,  

 

                                              M(<r) + M(>r) = MT                                         (3.15) 

 

The power-law approximation to the Weibull distribution as demonstrated in equation 

(3.14) can be used to approximate sieve analyses in the form, 
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where is the cumulative mass of particles with size R smaller than a given comparative 

size r ; M

)( rRM <

T is the total mass of particles (introduced for normalization); r is the sieve size 

opening; is the maximum particle size as defined by the largest sieve size opening.  Lr

 
Fractal number relation can be related to the power-law mass relation of equation (3.16) 

by taking incremental values. Rewriting equation (3.6) we have, 

 

                                                                                                (3.17) DCrrN −=> )(

 

the derivative of equation (3.16) gives,                                     (3.18) drrdM m 1~ −

 

the derivative of equation (3.17) gives,                                    (3.19) drrdN D 1~ −−

 

Since fragments occur in a variety of shapes, the linear dimension r is defined as the cube 

root of volume ( ) and assuming constant density, mass of a fragment . The 

incremental number in relation to incremental mass is therefore given by, 

3/1Vr = 3~ rm

 

                                                                                                  (3.20) dMrdN 3~ −

 
Substituting (3.18) and (3.19) into (3.20) gives,    and we have, drrrdrr mD 131 .~ −−−−

41 ~ −−− mD rr . So that, 

 

                                                                mDF −= 3                                       (3.21) 
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Data obtained by sieve analyses can thereby used to convert number-based distributions 

to mass-based distribution to specify a fractal dimension D using equations (3.16) and (3.21). 

Accordingly these are the two most frequently used equations in most parts of the study of fractal 

dimension analysis of the granular mass as a consequence of the PSD(33). 

 

3.2.6 Why Fractal? 
 
 
Some of the advantages of using of a mathematical equation to fit the PSD(44) are; 

 
(1)  Soils can be identified on the basis of PSD by equations that are best fit the data. It is a 

classification method using best–fit parameters. 

 
(2)  The equations provide a consistent method for determining physical indices such as percent 

clay, percent sand, percent silt and particle-diameter variables such as d10, d20, d30, d40 and d60. 

 
(3)  The mathematical equation can provide a method of representing the entire curve between 

measured data points. 

 
(4)  Representing the soil as a mathematical equation increase the flexibility in searching for 

similar soils in databases. 

 
It has been shown thus far it is plausible to carry out fitting an empirical statistical 

distribution to a discrete set of data of fragmented rock. However, since grain–size distribution is 

theoretically a continuous curve representing the amount of various particle sizes, there exists 

some limitations when applying these equations. In most cases accuracy of curve fitting of 

statistical equations are dependent on the required parameters. 
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Based on the laboratory observation that the failure of the rock is a consequence of 

fractures which are preceded by the concentration of a swarm of microfissures which are 

themselves the result of an accumulation of microcracks, the distribution of fragments of rock 

has been proved to be statistically fractal(40, 51). Therefore fractal dimensioning can be used to 

quantify the size distribution(24) of the fragmented material. Not surprising that as an answer to 

the question of which one of the three size distributions (when referring to the exponential, the 

log-normal and the power law) is right for presenting the fragmentation. Korvin stated that very 

likely all of them(43).  

 
Graphical presentation of grain-size distribution has been very useful in characterizing 

the soil by detailing the distribution attributes into predefined categories. Further descriptive 

refinement for soils classified by The Unified Soil Classification system can be added from such 

numerical quantities as the uniformity coefficient, Cu and coefficient of curvature Cc. from the 

cumulative distributions Fractal fragmentation theory on the other hand provides a means by 

which the entire size distribution of material can be quantified through specific and exact 

values(33). 

 
To be able to quantify the description of ruggedness of a system according to Kaye(50) is 

desirable as if not more, it is absolutely an elegant descriptive technique in the science of 

mathematics. Due to the scope of this research, the focus will be therefore to use the power-law 

plots as the basis of the measure of the fractal distributions. An analysis of the fractal dimensions 

of the crushed rocks is performed in the light of establishing a relationship to a particular 

engineering characteristic of the tested material. 
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4.0 FRAGMENTATION AND CRUSHING OF SAND 
 
 
 
 

A series of testing consisting of different experimental packages is being carried out in the 

“Geotechnical/Construction” Material Engineering and Transportation Engineering Laboratories 

University of Pittsburgh in order to meet the research objectives mention earlier. However, it is 

very important to observe especially in the early stage of the study, the processes involved in the 

characteristic fragmentation and crushing in order to understand such occurrences in practice. In 

the field, often a very slow process of soil fragmentation and crushing takes place for example in 

slopes wherever there exists instability in the system. 

 

To simulate the field conditions, a general observation regarding fragmentation and 

crushing behavior of coarse sand was first carried out using The Bromhead Ring Shear 

apparatus. As a result of the observation from the tests a representative of crushed granular 

material could be modeled for future investigations.  

 

In the following tests small samples of coarse sand of 31.3 g of weight retained in sieve 

number 16 (-2.0+1.18mm.) was sheared in dry condition to a complete 360 degrees rotation in 5 

hours. Each sample was sieved before and after shearing in order to observe the difference in the 

grain distribution characteristics as increasing normal loads were applied. A total of 15 samples 

were tested with normal loads ranging from 14.96 kPa to the maximum at 1374.30 kPa.  
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Figure 10  The Bromhead Ring Shear Apparatus 

 
 
 
 

4.1 TEST METHOD AND PROCEDURE 
 
 
The tests were carried out using The Standard Test Method described in ASTM D 6467-99. The 

procedure consists of placing the specimen in the annular specimen container and applying a 

normal stress as determined. As load is applied to the hanger, the force is transferred through a 

lever arm at a ratio of 10:1 to the top platen of the container. The specimen of 5 mm. thick is 

thus, confined in radial between two concentric rings with the inner diameter and outer diameter 

measuring 70 mm. and 100 mm. respectively and compressed vertically between porous bronze 

loading platens via a counterbalanced 10:1 ratio lever loading system.  

 

 47



The base plate and lower platen are rotated at a speed of 1.2 degrees per minutes via a 

speed motor and worm-drive gear box, causing the sample to shear close to the upper platen 

which is roughened to prevent slip. Settlement of the upper platen during shear is monitored via 

a sensitive dial gauge on the top load hanger. A pair of matched load rings assembled to the 

brackets that can be swung horizontally is locked in right angle to the outer bearing stops of the 

torque arm assembly that is attached to the top platen. The measurement of the shear stress is 

manipulated from the proving ring gages that in fact record the magnitude of the torque delivered 

by the torque assembly. 

 

4.1.1 Calculations 

 
Bishop(53) detailed the interpretation of the results obtained and the discussion on the influence of 

a variety of distributions of shear stress across the sample in the ring shear device. Since the 

sample is narrow with respect to the diameter a uniform stress distribution is assumed. The 

torque transmitted through the sample is given by: 
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Where R1 and R2 are respectively inner and outer sample radii in mm. (or in.). τ  is the shear 

stress in MPa (or lbf/in2). 

 
Since the torque is given by the average load on the proving rings denoted by F  Newton 

(or lbf) multiplied by the distance L mm. (or in.) between them, then the equation is as follows. 
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)( 21 LFF
T

+
=                                                               (4.2) 
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Manipulating the equations (4.1) and (4.2), we have, 
 
 

                     Shear Stress,
)(4

)(3
3
1

3
2

21

RR
LFF

−
+

=
π

τ                                                         (4.3) 

 
 
The normal stress acting on the failure plane is given by, 
 
 

                     Normal Stress
)( 2

1
2
2 RR
P

n −
=

π
σ                                                          (4.4) 

 
 
Where, P is the normal vertical force Newton (or lbf) acting on the specimen. 
 
 

The actual shear displacement rate dr mm./min (or inch/min) is equal to the shear 

displacement dh mm (or inch) divided by the elapse time te min. 

 

                                   
e

h
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d
d =                                                                                 (4.5) 

 

and,                                dh = [degree of rotation] ⎟
⎠
⎞

⎜
⎝
⎛ +

⎟
⎠
⎞

⎜
⎝
⎛

° 2180
21 RRπ                         (4.6) 

 
 
 
 

4.2 OBSERVATION 
 
 
The oven dried sand specimens of specific gravity of 2.6 contained sands of uniform diameter 

size passing standard sieve no. 10 (2.0 mm.) and retained on no. 16 (1.18 mm.). As the soil was 

sheared three readings were taken manually at a specific time throughout the duration of each 5-

hour test. It was observed that in general in the initial stage of the tests, readings for both of the 
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load dials were very unsteady with many sudden ‘jumps and falls’ and the effect that this had on 

the load dial was more pronounced at lower normal loads than at higher loads. However as the 

particular test proceeded, the readings then became steadier with the reduction and finally the 

absence of the erratic ‘jumps and falls’. It was also evident that during the ‘jumps and falls’ 

cracking sounds were heard coming from the container of the sand specimen indicating the 

process of fragmentation and crushing of the grains was taking place. Samples of the data 

collected for one of the tests are tabulated in the appendix A including the manipulation of the 

related calculations. 

4.2.1 Crushing Effects on Friction Angle of Coarse Sand 

 
The collected data provides the following observations for the samples in terms of the strength of 

the sheared granular material. At stress value of 15 kPa the granular specimen in Figure 11(b) 

shows a distinct interlocking peak characteristic similar to those observed in a dense sand 

laboratory testing at the earliest stage of shearing. The peak friction angle was 37.6 degrees. 

However for the plot in Figure 11(a), the interlocking feature as illustrated earlier in Figure 6 

was absent when a very high value of normal stress of 1374.3 kPa was applied. The plot seems to 

characterize identical feature to those laboratory direct shear tests of loose sands. In the actual 

case however the interlocking action continues until the shear force becomes constant. The 

friction angle obtained from the plot at this point provided a lower value of 28.6 degrees. The 

values of the calculated angle of friction for each of the test are shown in Table 2. 
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Figure 11  Shear Stress–Displacement Relationship For (a) Maximum and (b) Minimum Normal 
Stress in the Ring Shear for Coarse Sand (1.6 mm.) 
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Table 2  Variation of Angle of Internal Frictionφ with the Confining Normal Stress in the Ring 
Shear Tests 

 

 

Test N (kg) σ (kPa) τmax (kPa) φmax Ave.φ 
        (degree) (degree) 

0 0.00 0.00 0.00 0.0 0.0 
1 6.11 14.96 11.53 37.6 37.6 
2 23.76 58.19 35.89 31.7 32.1 
3 41.12 100.71 58.35 30.1 30.6 
4 81.12 198.68 107.24 28.4 29.0 
5 103.76 254.13 167.33 33.4 31.4 
6 121.12 296.65 156.55 27.8 29.9 
7 143.76 352.09 201.72 29.8 29.9 
8 161.12 394.61 205.62 27.5 29.1 
9 183.76 450.06 227.49 26.8 28.5 
10 201.12 492.58 268.75 28.6 28.5 
11 223.76 548.03 283.39 27.3 28.2 
12 321.12 786.48 408.86 27.5 28.0 
13 401.12 982.42 506.39 27.3 27.7 
14 481.12 1178.35 634.40 28.3 27.9 
15 561.12 1374.30 749.80 28.6 28.1 

 

 
The Data displayed in Table 2 shows that the angle of internal friction decreases with the 

increase in normal stress. At lower values of normal stresses at which condition the study is more 

relevant, the plots in Figure 12 show the difference between the internal friction angles at various 

normal stresses, indicating a curved Mohr failure envelope. Similar observations were also 

recorded by Clements(3) in his earlier Casagrande shear box tests related to rock fragments as 

shown in the following Table 3. 

 

 

 

 52



 

 

 

 

 

 

 

 

 

0

25

50

75

100

125

150

175

0 50 100 150 200 250 300

Normal Stress σ (kPa)

Sh
ea

r S
tre

ss
τ 

(k
Pa

)

curved envelope

φ ave. peak = 28.13 degrees 

0

75

150

225

300

375

450

525

600

675

750

0 200 400 600 800 1000 1200 1400

σ (kPa)

τ 
(k

Pa
)

φ ave. peak = 28.13 
y = 0.5348x
R2 = 0.9969 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 12  A Curved Mohr Failure Envelope for Shallow Foundation Condition from Torsional 
Ring Shear Tests 

 

 

 

 

 53



Table 3  Shear Box Test Results on Internal Friction Angleφ  [From Ph.D. Dissertation by 
Clements(3)] 

 
 Normal Stress 39.12 kPa 

 
Fraction 

 
Shear Strength (kPa) 

 
Internal Friction φ  

 
-1.18+0.6 

 
-0.6+0.3 

 
-0.3+0.15 

 
-0.15 

 

 
40.43 

 
35.19 

 
34.44 

 
36.98 

 
45.94° 

 
41.97° 

 
41.36° 

 
43.39° 

 

4.2.2 Grain Size Distributions 

 
In all the tests, the samples initially placed in the shear box are made up of one size granular 

material. After a specimen has undergone the shearing failure they were taken out and sorted by 

mechanical sieving apparatus in accordance to ASTM D 422(1). For each sieving exercise the 

shaker was run for 10 minutes. The results of the sieve analysis of some the specimens are shown 

in Figure 13. 

 

The grain-size distributions of the sheared specimens indicate a departure from a 

uniformly distributed condition to a well-graded condition as the normal stresses increase. The 

percentage finer for particles of size 1.18 mm. is only 20% at 15.0 kPa. At 58.2 kPa it jumps to 

44%, and at 100.7 kPa it is 56%. However from the point where the normal stress is 450 kPa and 

continues further to 1177.8 kPa the increase in percentage of particles finer than 1.18 mm. is not 

very significant. There is on the other hand a gradual increase of percentage finer for the very 

fine fragments of 0.075 mm. with respect to the increase of the normal stresses. In relation to the 
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grain size, the peak friction angle for specimens containing larger percentage of coarse grains as 

observed in Table 2 gives higher values of φ  from 37.6° to 31°, than the ones with larger 

amount of fine particles with φ around 28°. 

 

Images in Figure 14 show the fragment composition of 4 of the tested samples. It is noted 

that presentation of cumulative plots take away the bimodal characteristics of the density 

function plot and that they are somewhat similar to the PSD.  
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Figure 13  Cumulative Grain Size Distributions (PSD) for Crushed Coarse Sand  
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Figure 14  Crush Composition for the Respective Load Intensities 
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Figure 14  (continued) 
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4.2.3 An Empirical Evaluation of Hydraulic Conductivity 

 
As we have indicated earlier in Table 1, the values of hydraulic conductivity can be deduced 

empirically if the grain size distribution is plotted and the particle size at 10% finer or 15% finer 

is obtained. The following is the relation of the hydraulic conductivity k values using the Hazen 

equation, 

 
 
                                                                                                               (4.7) ( )2

10dCk =

 

Using the equation (4.7) the values of hydraulic conductivity can be calculated as the 

effective diameter of the sand specimens at 10% finer is obtained from the grain-size distribution 

curves. In the condition where an increase in the normal pressure resulted in a corresponding 

increase in the shearing stress, it is found that greater amount of fragments are produced. The 

consequence of this is that the hydraulic conductivity capability of the soil is reduced to a very 

large degree as indicated in Table 4. 
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Table 4  Values of The Hydraulic Conductivity k in Relation to Changes in Grain Size 
Distribution 

 

Test Normal Stress σ 

(kPa) 

d10

(mm) 

k 

(cm/sec) 

1 15.0 0.740 54.76 

2 58.2 0.240 5.76 

3 100.7 0.200 4.00 

4 198.7 0.165 2.72 

5 254.1 0.155 2.40 

6 296.7 0.152 2.31 

7 352.1 0.150 2.25 

8 394.6 0.135 1.82 

9 450.1 0.125 1.56 

10 492.6 0.115 1.32 

11 548.0 0.100 1.00 

12 786.5 0.077 0.59 

13 982.4 0.082 0.67 

14 1178.4 0.060 0.36 

15 1374.3 0.062 0.38 
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4.3 FRACTAL DIMENSION OF FRAGMENTED COARSE SAND 
 
 
Fifteen specimens containing similar diameter of coarse sand particles subjected to increasing 

values of normal loads and shearing in the Bromhead Torsional Ring Shear apparatus produced 

fragmented coarse sands of varying sizes. They were mechanically sieved in the laboratory and 

the results of some of the tests were plotted in the form of grain size distribution curves as 

illustrated in Figure 13.  

 
Transforming the same data the following Figure 15 demonstrates the exercise involved 

in obtaining the fractal fragmentation values in relation to the fragmentation process that took 

place when normal stress was at 15 kPa (Normal load P=6.1 kg.), 100.7 kPa (P=41.1 kg.), 449.9 

kPa (P=183.8 kg.) and 1177.8 kPa (P=481.1 kg.) respectively. 

 
 

Figure 15  Fractal Fragmentation Dimension DF for Crushed Coarse 1.6 mm. Quartz Sand in 
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A sample of data of the sieve test is presented in the Appendix A and the exercises 

involving the manipulation to obtain M (R<r)/MT and r/rL is also demonstrated. As the result of 

quantification, fragmentation in all the tests can now be presented in numerical values as 

illustrated in the following Figure 16.  

 
he observed fractal of the four tested samples in the above figures show an increase in 

fragmentation with the increase of the applied normal stress in the Ring Shear. In addition, the 

relationship as observed indicates that the rate of increase in fragmentation of the granular soil is 

highest in earlier stage and somewhat reduced to a minimal approaching DF = 2.3 as a high shear 

stress of about 0.5MPa is achieved. 

 

Figure 16  Changes in Fractal Dimension of Sand Subjected to Ring Shear Tests 
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At lower normal stresses, as granular particles slide and rolls, crushing at point of contact 

of small included-angles take place to a point until the critical stress is less than the strength of 

the material. The amount of fragmentation is minimal. As the applied stresses increase, the 

particle is further broken because at each time the additional stress again exceeds the critical 

stress of the material. Consequently, the number rough pointed surface is becoming less and with 

the increase in smaller fragments there is an increase in the integral area of contact. And thus 

reducing the stresses at point to point contact as now the some of the larger sand grains are 

‘floating’ and surrounded by finer rock fragments. It is also observed that as a particle is broken 

into smaller and smaller elements it becomes harder to continue breaking the particle until it 

reaches a point that it ceases to break any further. The process of fragmentation of the sand 

particles can be related to the diagrams illustrated in Figure 17 indicating the stages of the action 

of the smaller fragments filling the voids. 

 
 

 
 

Figure 17  A Pore Filled by Fractal Soil(54)  
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4.4 AN ANALYSIS ON THE FRACTAL DIMENSION 

 
 
The plots on Figures 15, 16 and 17 reveal a number of important aspects of fragmentation of 

granular material concerning fractals. Accuracy on the assumption of fractal self-similarity of 

fragmentation with respect to the formation of the smaller fragmented particles within the tested 

samples can be seen as the data shows a close-fit to the power-law giving very good correlations 

(with R2 greater than 90 percent). Secondly, the changes experienced by the sand under a 

combination of normal and shear stresses as illustrated in the diagrams explain the reason why 

the hydraulic conductivity of the material is reduced as the pores within the sample are gradually 

being filled by smaller and smaller grains.  

 
As explained earlier, it can be seen that the area of contacts increases exponentially and 

hence the exerted stresses is more uniformly distributed, thus reducing the effective stress to 

overcome the material strength rendering lesser and lesser amount of material being crushed. 

 
With the tests data on normal and shear stresses subjected to the soil, Mohr failure 

envelopes can be obtained and hence the internal friction angle of the material. As discussed 

earlier, the internal friction angle of the granular material is a very important component of the 

strength characteristics of the material. If the friction angle is found to be high than it is 

indicative of the strength of the material. Figure 18 shows interesting relationships of the fractal 

fragmentation dimension of the sand with respect to the hydraulic conductivity (Hazen) and the 

strength of the material.  
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Figure 18  Changes in (a) The Hydraulic Conductivity and (b) The Angle of Internal Friction of 
Sand in Relation to Fractal Dimension in Ring Shear Tests 
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The previous observation reveals that when subjected to smaller stresses at smaller fractal 

dimensions it was the larger particles (size) that dominate the grain size distribution and vice 

versa. When these larger particles are in contact to each other it is much harder for these particles 

to roll over one another, as they need larger displacement to overcome the resistance. Also at this 

particular juncture due to the dominating scenario of the point-to-point contacts involving the 

larger particles, the interlocking effect on the friction angle is substantial. 

 

However, as more crushing takes place, finer fragments begin to displace the coarser 

particles. To overcome resistance the fine fragments can slide or roll over one another without 

requiring too much effort, as the vertical ride is smaller. As a result, the effect of interlocking 

phenomena is reduced. 

 
 
 

4.5 FRAGMENTATION IN DIFFERENT TYPE OF SANDS 
 
 

Beside the Quartz sand, crushing of the Calcareous and the Ottawa Sand were also carried out 

using the Ring Shear Apparatus. Similar preparations for shearing these materials were 

conducted. It is interesting to note that under magnification the structural form of the materials 

differs substantially. The photograph of the materials in the following Figure 19 as captured 

under a microscopic camera, reveals some differences in the structural formations of the (a) 

Ottawa, (b) Quartz and (c) Calcareous sand with average diameter 0.7 mm. 
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                (a)                     (b)                     (c) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 19  Structural Features of (a) Ottawa,(b) Quartz and (c) Calcareous Sand 

 
 

The characteristic of fragmentation of the three materials is analyzed from the result of 

the Ring Shear test as they are subjected to 200, 300 and 400 kg normal load. Torsion shear force 

is recorded at various intervals and the corresponding shear stresses are obtained. The failed 

samples are then analyzed by mechanical sieve tests, data of which is used for the PSD plots. 

Fractal dimensions are then calculated as the data was transformed on the log-log scale. 

Photographs of the evolution of fragmentation of the sands in the Ring Shear tests with sizes 

related to the sieve openings are shown on Figure 20. The log-log scale plots of the transformed 

sieve tests data as presented on Figure 21 provide important information to be used in a 

discussion on the characteristics of the materials due to the crushing phenomenon. 
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                       (b) 
 
 
 
 
 
 
 
 
 
 
 
 
                        (c) 
 
 

Figure 20  Fragmentation of (a) Quartz, (b) Ottawa and (c) Calcareous sands after Ring Shear 
Test 
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Figure 21  Evaluation of Fractal Fragmentation DF for (a) Quartz, (b) Ottawa and (c) Calcareous 
Sand 
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4.5.1 Observation 

 
 
The Ring shear tests provide interesting information regarding the shear stresses (τ) of the 

materials and the fractal fragmentation dimension of the crushed sands and these are summarized 

in Table 5 and plotted in Figures 22 and 23 as follows. 

 

Table 5  Summary of Test Results 

 
 

 Calcareous sand Quartz sand Ottawa sand 

 τ(kPa) DF τ(kPa) DF τ(kPa) DF

P=100kg 
(σ = 248 kPa) 

69.3 0.3403 
(R2=0.883) 

121.7 1.1903 
(R2=0.984)

97.4 0.5852 
(R2=0.666)

P=200kg 
(σ = 493 kPa) 

142.0 1.2715 
(R2=0.842)

219.53 1.5023 
(R2=0.983)

209.4 0.4792 
(R2=0.715)

P=300kg 
(σ = 738 kPa) 

178.8 1.6153 
(R2=0.869)

333.3 1.7514 
(R2=0.985)

331.9 0.6500 
(R2=0.706)

P=400kg 
(σ = 982 kPa) 

263.2 1.8430 
(R2=0.890)

464.4 1.8461 
(R2=0.988)

400.6 1.1075 
(R2=0.711)
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Figure 22  Fractal Fragmentation Dimension in Relation to The Shear Stresses of Different Sands 
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Figure 23  Shear Strength of Quartz, Ottawa and Calcareous Sand (average diameter 0.72 mm) 
from Ring Shear Test 
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It was observed that the crushing characteristics of the sands differ in terms of the 

fragments produced. The angular structure of the Quartz sand produces a great deal of fines at 

every stage of the crushing. The amount of fragments produced in the sub-angular Calcareous 

sand was less and minimal amount was obtained from the round-shaped Ottawa samples. The 

plots on Figure 21(a) show very good-fit of the data and the power-law with high degree of 

correlations (R2> 0.98). At the same loading conditions the Calcareous and the Ottawa indicated 

less and least agreement to the power-law respectively. The conclusion from the observation is 

that while fragmentation of Quartz was fractal similar features were absent from Calcareous and 

Ottawa sands. 

 
The fact that the Ottawa sand is a very hard material to crush is demonstrated throughout 

the experiments. Extremely small amount of fines were produced in all the tests except at the 

highest normal stress of about 1 MPa. The Mohr-coulomb plots in Figure 23 verify this fact as 

the angle of friction is 22.9º as compared to Quartz at 24.9º. Although Quartz sand is not as hard 

as the Ottawa and crushes more easily, the sand demonstrates high resistance in shearing due to 

its angular physical structure. From the data observed, there seemed to be a trade-off between the 

physical structure and the material toughness between the two materials. 

 
 
 

4.6 CONCLUSION 
 
 

When the dry granular material is subjected under normal and shear stresses fragmentation takes 

place. The main reason for this phenomenon is that the point-to-point contacts involving the 

larger particles are subjected to a much higher stress than the critical strength of the material and 

hence, the material yields. 
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Fragmentation continues to a stage when the point-to-point contacts involving a particle 

reach an optimal condition when crushing appears to cease.  

 

It was observed that as the finer fragments increases when subjected to high normal and 

shear stresses the value of the incremental fractal fragmentation dimension decreases and 

eventually arrives at almost a constant. 

 

In the laboratory tests on coarse Quartz of 1.6 mm diameters, the shear stress to 

overcome the material strength of the dry sand increases almost in direct proportion to the 

normal stress at higher value of normal stresses. However at lower value the shear force required 

is greater with respect to the ‘average normal stresses’. This implies that when subjected to low 

stresses when the larger particles dominate, the strength of the material appears to be higher 

exhibiting higher internal friction angle. The strength of the material gradually reduces as more 

and more fine fragments enter the system. It also appears that the internal friction angle of the 

material stabilized at an optimum point when a further increase in stresses will no further affect 

the fractal fragmentation of the material. 

 

Experiments on 0.72 mm. diameter of Quartz and Ottawa sand reveals higher strength in 

the former with angle of friction equal to 24.9º while the Ottawa exhibits lower friction angle of 

22.9º. The tests indicate the greater effect of the physical structure of the sands in relation to their 

strength. 
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5.0 AN INVESTIGATION ON THE ANGLE OF REPOSE OF A BINARY GRANULAR 
MIXTURE 

 

 

The angle of repose is the slope at which a heap of soil naturally forms. It is a special 

characteristic feature of a granular material and has useful applications in the civil and structural 

as well as other branches of engineering. To understand the effects of finer fragments within a 

system, it is expected that a laboratory testing procedure such as the one incorporated in this 

study will encourage innovation and flexibility when faced with the need to scrutinize 

arrangement of a specified particulate system such that the objectives of the investigation can be 

realized. 

 

As explained in the earlier chapter, the idea that the value of the angle of repose of a 

granular material has been generally regarded as an approximation to the angle of friction of the 

material has found its way to be generally accepted by many earlier researchers. There have been 

very few investigations with much lesser emphasis has been done in relation to crushing 

phenomena of the granular soil that may affect its angle of repose. In light of the present 

investigation on the effect of crushing and fragmentation on the engineering properties of the 

granular material, it is only fitting to revisit the subject of angle of repose of the material and to 

reevaluate the findings of the past with the current understanding of the characteristics involving 

fragmentation in the granular system. 
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The investigation begins by introducing a particulate system in a statically equilibrium 

condition and using assumptions in the empirical Rankine equation in order to set up a 

theoretical analysis on the observations acquired from the laboratory findings. 

 
 

5.1 DEVELOPMENT OF THE ANGLE OF REPOSE EQUATION 
 
 

When considering angle of repose it is not exactly the same as relating a material to its angle of 

internal friction. This is simply because unlike the angle of internal friction, whenever an angle 

of repose is measured the soil heap that is formed is in direct contact with a basal material. 

Assuming that the base is frictionless then it is hard to imagine observing a similar formation of 

heap of earth could be constructed to give the expected value of the angle of repose. Due to this 

consideration, the angle of repose is to be investigated using two different basal materials with 

distinct frictional properties. 

5.1.1 Assumptions and Limitations to the Problem 

 

In developing the theoretical equation for the angle of repose, the basal friction is considered an 

integral part of the three important components contributing towards the stability of the 

constructed soil cone and hence directly affecting the measured value of soil angle of repose. The 

other two components are related to the internal friction of the material and the slope of the soil 

that we term as the angle of repose. Several assumptions have first to be made so that a 

simplified statically determinate problem can be constructed and easily solved. 

 

Assuming that as a heap of granular soil is constructed forming a perfect cone, at an 

instant of time, part of the slope that includes the toe is acting like a rigid triangular wedge 
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holding back the rest of the granular material like that of a straight back retaining wall in a 

simplified slope stability problem. In making this given condition, we are making the assumption 

that the failure of the system is due to sliding of the retaining wedge that is caused by the active 

lateral earth pressure exerted on the vertical wall of the wedge.  

 

5.1.2 Slope Stability Problem of the Granular Cone 
 
 
For a rigid wedge acting like a retaining wall with sloping granular material back fill, much in 

the same way of that dams a fluid reservoir or that holds the backfill as illustrated in Figure 24, 

the resistance to failure against sliding depends on a balance of forces between the lateral earth 

pressure and the basal friction resisting the sliding. The magnitude of the resistance of the basal 

friction is derived from the net normal forces in accordance to the Coulomb’s theory of friction. 

The analysis however, assumes the only consideration is in the translation rigid wedge 

movement and ignores the rotational moment about the centroid of the mass. 

 
When a Funnel Test for angle of repose is carried out for granular materials, a slope with an 

angle β is made with the base. And if the internal friction angle of the material is φ  and the 

interface friction angle between the granular material and the base is δ a theoretical solution may 

be obtained to predict the values of β having known the values of φ  and δ. The pressure on the 

vertical wall of the wedge with a sloping backfill is acting in a direction parallel to the slope as 

described by The Rankine Active Earth Pressure theory asssuming frictionless wall. The 

following diagram illustrates the various forces acting in the system as discussed above. 
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Figure 24  Forces Acting on A Wedge in the Angle of Repose Funnel Test 

 
 
Rankine Active Earth Pressure is Pa , 

 

aa gHKP ρ
2
1

=                                                      (5.1) 

where, Ka is the co-efficient of active earth pressure is given by, 

 

φββ

φββ
β

22

22

coscoscos

coscoscos
cos

−+

−−
=aK                                 (5.2) 

When the system is in the equilibrium, the basal friction is equal to the horizontal component of 

the Rankine active pressure as such, 

 
Fτ = PaH                                                           (5.3) 
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According to Coulomb, 

 
Fτ = ( )∑ δtan.N                                                  (5.4) 

 

     And the summation of forces acting normally ∑ N , is the weight of the rigid wedge and the 

ertical component of the Rankine Active Earth Pressure giving equation (5.3) as, 

 

Fτ = [Pg+ PaV] 

v

δtan                                                 (5.5) 

 

Therefore,                                    [Pg+ PaV] δtan = PaH                                                 (5.6) 

nd after substituting all the terms, giving,  

 

                         

 

A

δtan =

φ
β
φ

φβ

2
2

2

cos
cos
cos

122

costan

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+

                                          (5.7) 

 

 

 
 
 

5.2 COMPUTATION OF THE GENERAL EQUATION 

 
The computation of the general equation for the angle of repose β  assumes that the basal 

plane is inclining with an angle θ  with the horizontal as shown in Figure 25. 
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Therefore, total weight of rigid wedge ABC; Wg ( )⎥
⎦

⎤
⎢
⎣

⎡
−

+=
θβ
θββ

β
γ

sin
sinsintan

tan2 2

2h  

 

Components of active pressure, aa KhP
2

2γ
=    

where, 

φββ

φββ
β

22

22

coscoscos

coscoscos
cos

−+

−−
=aK  The coefficient of active earth pressure, 

 

Parallel to inclined plane: ( )θβγ
−= cos

2

2

aPaT KhF ..………………………………(5.8) 

 

( )θβγ
−= sin

2

2

aPaN KhFNormal to inclined plane: ….…………………………….(5.9) 

 
Components of the weight of the wedge ABC Wg

 

Parallel to inclined plane: WgT 
( ) θ

θβ
θββ

β
γ 2 ⎡h sin

sin
sinsintan

tan2 2 ⎥
⎦

⎤
⎢
⎣ −

+= ....…………..(5.10) 

 

lane: WNormal to inclined p gN 
( ) θ

θβ
β

β
cos

sin
tan

tan2 2 ⎥
⎦

⎢
⎣ −

+= ………….....(5.11) θβγ sinsin2 ⎤⎡h

FPaT + WgT ….....(5.12)             
 
The forces causing sliding of the wedge ABC: Fs = (5.8)+(5.10) = 

 
The interface friction force resisting sliding Ffτ  

 
Ffτ = [summation of normal forces to the inclined plane=(5.9) + (5.11)] δtan×                       

 
Ffτ = (FPaN + WgN ) δtan×  ……..……………………………………..……………(5.13)                
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For the forces to be in the equilibrium condition: 

 
Friction force resisting sliding Ffτ = Forces causing sliding of the wedge Fs
 

Dividing throughout by 
2

2hγ  we have, 
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to simplify the equation, 

Let,     

cos

A=βcos ;   B=βsin ;   p=θcos ;    q=θsin ;   D=− φβ 22 coscos  
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Since, 
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( )( )but, φcos=+− DADA  and substituting the terms in trigonometry back into the above 

general equation, we have; 

2
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Hence, the equation for the interface/basal friction on an inclined plane is equal to (Eq.I), 
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5.2.1 The Equation for the Special Condition 
 

The earlier equation (5.7) can be verified by assuming the horizontal base as such; let the 

inclination of the base plane is zero, that is, 

 

0=θ . And we have, 
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hich is in fact the special case equation where the basal plane is perfectly horizontal. 
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5.3 THE MATHEMATICAL MODEL AND LIMITATIONS 

rom the final equation (Eq. H) it is shown that the values of the angles, for internal friction, the 

terface basal friction angle and the slope angle of repose are all inter-related in a very complex 

man re 

re numerous in geotechnical engineering) the solution may have to be presented graphically in 

order to

 

 

 

 
 

Figure 26  The Values of Interface Friction Angle with Varying Angle of Repose and The 
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Corresponding Inter-granular Friction (Internal Friction) of The Material 

The coefficient Rankine active pressure Ka and thus the equation H that was developed 

later indicated the important rule of thumb followed by the equation where the value of the angle 

of the slope β, that is also the angle of repose, cannot be greater than the angle of internal friction 



f. The three plots in Figure 26 illustrate this property. The plots in general also show that at 

lower values of angle of repose and angle of internal friction, the interface friction mobilized is 

small. Depending on the values of angle of repose and the respective angle of internal friction, 

maximum interface friction is mobilized in order to stabilize the slope when the repose angle is 

between 20 to 40 degrees. The maximum interface angle from the plot is 19.5° when the angle of 

repose is the same as the angle of internal friction at around 35°. And if the internal friction of 

the material is higher than this, only small interface friction is needed to stabilize the system. 

Thus fa  the theoretical equation seems to be logical to some degrees and therefore needed data 

from laboratory tests in order to validate it. 

 

5.4 ANGLE OF REPOSE LABORATORY INVESTIGATION ON FRAGMENTED SOIL 

 

When granular materials subjected to the loads ail in shear, fragmentation of the grains takes 

place. In this laboratory exercise Quartz sand m de up of coarse and fine diameters is used to 

simulate the fragmented products of the failed aterial. The choice of introducing the binary 

mixture of coarse and fines are supported by the earlier findings that the composition of fines has 

significant contributions to the strength as well as hydraulic conductivity of a particulate. For the 

sts a large number of specimens are made having composition of fine sand (passing sieve mesh 

umber 150) varying from 0 to 100%. The bases used comprise of a rough plane porous stone 

ase of 8 inches wide and a very smooth plane glass plate 6 inches by 6 inches in dimension 

representing ground bases of high and low frictional values respectively. The magnified photos 

of the materials described are shown in Figures 27 and 28 as follows. 
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Figure 27  Coarse Sand, Fine Sand and Porous Stone Interface (35x magnification) 

 

 

 

 

 

 

 

 

 

 (a)            (b)   

 

 

Figure 28  Materials in the Binary Mix (a) Coarse Sand (average 1.6 mm. diameter); 

 (b) Fine Sand Passing (0.10mm.) (35x magnification) 
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5.5 THE FUNNEL TEST 

 

The laboratory tests of numerous specimens were conducted according to the ASTM Standard 

Designation: C 1444-00; The Standard Test Method for Measuring the Angle of Repose of Free-

lowing Mold Powders. Due to the fact that the setup of the tests makes use of a funnel through 

which the sand is dropped as illustrated in Figure 29, the test is also called the funnel test. The 

ening of the funnel used was 0.214 in. located at a vertical height of 1.5 in. from the 

measured using a caliper that measured to the nearest 

0.00

Two methods of measurement were conducted to ensure the accuracy of the data. The 

irst is by direct measurement of the slope angle of repose using a protractor. For a specific 

ample mixture, a set of 5 specimens was tested. And the average of the angles taken on four 

different sides of the cone was recorded. The second method involved measurements of the base 

length at four different sections of a specimen with the constant height. The calculation for the 

ngle of repose is obtained as follows, 

     Angle of repose = 

F

spout op

base. The base of a cone formation was 

1 in. 

 

f

s

a

 

⎥⎦
⎤

⎢⎣
⎡

−
−

)(
2tan 1

dD
H

A
 

where, 

 H     = height of the cone fixed at 1.5 in. 

   = average of the 4 tests determinations diameter of the base, and  

internal diameter of the funnel nozzle, 0.214 in. 

AD 1D , 2D , 3D 4D .

d       = 
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Figure 29  Test Setup for the Measurement of Angle of Repose on Porous Stone 

 

 

 

      (b)       (a)    

 

 

 

 

Figure 30  Visual Magnification of Surface Roughness of (a) Porous Stone. (b) Glass PlateBase  
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5.5.1 Granular Soil on Porous Stone Base 

 

A number of 55 test specimens were conducted consisting 0, 10, 20, 30, 40, 50, 60, 70, 80, 90 

and 100 percent of fine soil fragments passing sieve mesh number 150. When the granular 

ixtures poured down gently on the porous stone base, it was performed in such a way that the 

ix was laid down as homogeneous as possible to avoid marked segregation and ‘pop-corn’ 

effects, whereby all the r  pile. The observation 

dicated that rolling as well as activities involving re-arranging the particles beneath the lower 

A num , 60, 

ents passing sieve no. 150. In contrast to the tests 

carried out with porous stone ba lling behavior was not sig tead, as the 

incoming layers exert p co tance at 

o t a sl c l ading 

originati rom the lower layers directly und ver materials took pla  actions 

of building up the loads, the spreading and again the building up were repeated nd over 

until the ld up achi  des tical acco  the  the te

 

 

m

m

 fine materials lumped together at the bottom of the

in

layers of the incoming materials governs the behavior in terms of the formation of the slope. As 

the percentage of fines increases the make up of the slope seems to be govern by the movement 

of thin layers of fine grains flowing on top of an earlier terrain. 

 

5.5.2 Granular Soil on Glass Base 

 

ber of 55 tests were also conducted consisting specimens with 0, 10, 20, 30, 40, 50

70, 80, 90 and 100 percent of fine soil fragm

se, the ro nificant. Ins

ed increasing loads, the build u ntinued until the frictional resis

the base was overc me by he forces c using the ide and onsequently ateral spre

ng f er the o burden ce. The

 over a

 bui eve the ired ver height rding to setup of st. 
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5.6 THE LE O OSE  RESU

 

 

The following Table 6 includes the values of angle of repose of a dry granular sand with varying 

composition of very fine size particles when the particles are dropped on a horizontal base made 

up of rough porous stone and smooth glass plate. The results are plotted as shown in Figure 31. 

The data reveals that the methods prescribed resulted in high accuracy in the measurement of the 

lopes. Sample of the data collection is provided in the Appendix B. 

Table 6  Measurements and Calculated Results of Angle of Repose of Sand Mixtures 

 

Base 

 

 

Porous Stone 

(Angle of Repose in degrees) 

 

Glass Plate 

(Angle of Repose in degrees) 

 ANG F REP  TEST LT 

s

 

 

% Fine Component Visual Calculated Average Visual   Calculated Average 
0 42.18 42.17 42.17 33.56 32.53 33.05 
10 40.92 40.63 40.77 33.40 33.54 33.47 
20 40.62 40.93 40.77 35.10 35.05 35.07 
30 38.92 39.01 38.96 34.90 34.85 34.88 
40 38.57 38.22 38.39 36.67 36.91 36.79 
50 38.51 38.44 38.48 36.93 36.57 36.75 
60 38.49 38.75 38.62 37.93 37.69 37.81 
70 37.65 37.80 37.72 38.39 38.01 38.20 
80 37.71 37.80 37.75 37.66 37.67 37.66 
90 37.27 37.17 37.22 37.12 36.99 37.05 
100 37.23 37.19 37.21 36.60 36.82 36.71 
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.6.1 Porous Stone Base 

some indication that there is a relationship between different 

 the two sides of the materials match, more work is needed 

for the particles to move over the ‘hills’. Moreover particle-to-particle contacts provide the same 

opportu

 

 
 
 
 

Figure 31  Angle of Repose for A Binary Mixture of Coarse-Fine Sand on Rough (Porous Stone) 
and Smooth (Glass) Plates 
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The achieved results have provided 

compositions of granular soil with the angle of repose. When there is an absence of fines in the 

mix, the rugged surface of the coarse sand particles that come in contact with the rough surface 

base interlocks within the valleys of the porous stone as shown as in the Figures 27. The degree 

of the interlocking characteristics depends on the structural compatibility between the two 

surfaces. If the ‘hills’ and ‘valleys’ on

nity for interlocking to take place between the coarse grains themselves. As a result of 

high basal resistance and particle-to-particle interlocking effects, the slope angle is the highest at 

42 degrees.  
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As fine particles are introduced, this compatibility that existed earlier between the 

o rous stone surface is reduced because the fines find their 

ay to fill up the valleys making it easier for displacements to take place. Similarly, as the fines 

 

ides a very smooth surface that is not compatible to the ‘hills’ and ‘valleys’ 

n the surface of the coarse-grain particles. The minimum integral point area of contacts at the 

base plate in

 

By introducing fine particles into the system, the integral area of contacts at the interface 

increa c ct of 

duced particle-to-particle contacts (of the larger size grains), the angle of repose increases.  

5.6.3 Uniform Basal Friction Factor 

 

morph logy of the particles and the po

w

get in the way, the interlocking effect between the coarse particles is reduced because of lesser 

inter-particle contacts. And as a result, the angle of the slope(ie. the angle of repose) is reduced. 

 

5.6.2 Glass Plate Base 

 

The glass plate prov

o

terface between the coarse sand particles and the smooth glass surface resulted in an 

overall minimal resistance to the lateral displacement in terms of the sliding friction. The angle 

of repose is the least at this juncture. 

ses, ausing additional friction. As a result of increasing basal friction and similar effe

re

 

 

The angle of repose in both plots converges and seems to exhibit a uniform value at higher 

concentration of fines beginning from the point when the component of fines is increased from 

60%. Introduction of much more fines in the system with glass base as mentioned earlier 
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increases the basal contact area to the maximum. At this point all the valleys in the porous stone 

is filed up with fine particles making effectively similar basal area of contact to the one involving 

the glass base. 

 

Apparently at this juncture when finer particles are dominant, the presence of coarser 

particles seems to reinforce the system more within the cone than when no more coarse particles 

are left a er than 

the angle of repose at 60% fines. 

 
 

5.7 LABORATORYN EXPE  ON ANGLE OF INTERNAL FRIC
 
 

The simplest method of determining the internal (inter-granular) friction angle is the direct shear 

st method using a Casagrande shear box apparatus. In accordance to the testing sample ASTM 

3080 recommendations, the maximum grain size tested is one fortieth of the width of the box. 

Hence, maximum grain sizes passing sieve mesh no. 10 and retained at mesh no. 16 were used 

with varying contents of fines passing sieve mesh no. 150 mm. Rate of strain in the shearing was 

maintained at 1.33 mm per minute and measurements of the shear stress and dilatancy were 

taken at regular intervals. Table 7 gives the result of the average internal friction angle obtained 

from 21 tests of samples of varying mix at a low normal stress of 20 kPa. Samples of data form 

the test experiments are available in the Appendix C.  

 

 

t 100% fines. Thus the angle of repose at 100% fines is somewhat slightly low

 

RIMENTS TION 

te

D
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Table 7  The Result of Direct Shear Tests on Mixtures of Coarse and Fine Sand 

 

 

 component: 

       

Mix % of Fine 0 23.5 31.6 46.8 63.5 82.6 100 

 

Average Internal 
Friction Angle (°) 

 

40.7 

 

41.8 

 

41.7 

 

39.6 

 

35.4 

 

35.4 

 

34.7 

 

 

The result of the tests reflects the dominant nature of either the coarse 1.6 mm.) or the 

ne (0.1 mm.) particles throughout the shearing of the mix. Samples having no fines exhibit 

igher friction angle at about 41 degrees as compared to samples of totally composed of fines at 

ngle of internal friction of 35 degrees. It seems therefore the internal friction angle is affected 

y the size of the particle that dominates the test sample. 

 

 

5.8 BASAL INTERFACE FRICTION ANGLE TEST USING A TILT TABLE 

 

 

fi

h

a

b

 

 

The other component after completing tests on angle of repose and angle of internal friction is to 

obtain the interface friction angle. It was decided that the interface angle could be obtained using 

a Tilt Table (Adjustable Inclined Table). The base plates used in carrying out Funnel Tests is 

again introduced. Figure 32 demonstrates the use of porous stone base on the inclined bench. 

 

 93



 

 

 

 

 
 

Figure 32 d Bench 

 

led down and poured very slowly to fill a 

very light weight plastic ring placed on either the porous or the glass base plates. The ring was 

b tween the ring and the base plate thus 

aving only the grains-base plate contact. The inclination of the bench is gradually increased via 

 of the bench to be manually raised by turning a wheel located 

, the angle at which sliding initiates is 

ken as the interface angle between the sand sample and the base plate.  

 

 

 

 

 

 Tilt Table

Porous Stone

Level gage

Ring

 
 
 
 
 
 
 
 
 
 

  A Test Setup for The Interface Friction Angle Using An Adjustable Incline

 

Sand oven dried at 105°C for 24 hours was coo

then gently lifted up just to create a no-contact gap e

le

a mechanism that allows one end

at the end of the bench in a clockwise direction. And thus

ta
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F τ
 

 

 

 

 

Figure 33  The Schematic Diagram of Forces Acting on the Inclined Bench 

 

A

 

ssuming the interface friction is Fτ and the interface friction angle is 

W

    

  θ

+

Wcos θ

Wsinθ

δ referring to 

Figure 33, Coulomb equation 5.4 gives,    

                        Fτ = N

 

( )δtan.              and                 N = Wcos∑ θ  

 

The force caus

 

                                    s= Wsin 

ing the sliding is, 

                                F θ    

 

For static eq brium condition;   sal friction force = Force causing sliding

 

                                                                   Fτ =  Fs                          

 

giving,                                     

  

uili   Ba  

             ta θδ tann =  

 

herefore, in rface friction angleδ is simply the inclination angleθT te read off from the gage. 

on 

 

 

5.8.1 Experimental Observation on Basal Fricti
 

Samples of sand thoroughly mixed for mixtures varying from 0 to 100% fines content were used 

to fill up the ring throughout the experiments. By closely observing the movement of the ring, 
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the angle at which sliding failure took place was recorded. In order to obtain a reliable data, 

altogether more than 80 trials were carried out. The results of the tests are indicated in Table 8 as 

follows, 

 

Table 8  The Result of Interface Friction Angle Tests Using Glass And Porous Stone Base for 

 
 

 

 

 

Varying Combination Binary-Mixtures of Sand 

GLASS PLATE BASE POROUS STONE BASE 

       Percentage of InterfaceAngle Percentage of 
Fines 

InterfaceAngle 
δ (degrees)      Fines δ (degrees) 

  
0 

10 
20 

70 

90 

7.9 
10.1 
11.6 

15.1 

19.2 
20.3 

 
0 

15 
25 

85 

 
29.6 
29.5 
29.0 

21.8 

 

30 
40 
50 
60 

80 

100 
 

12.2 
12.4 
15.7 
17.2 

18.3 

35 
50 
65 
75 

100 

27.7 
25.4 
24.3 
22.0 

21.7 

 

.8.2 Action of Granular Soil on Porous Stone 
 

There is quite a distinction result seen between the extreme ends of the tests in relation to the 

composition of the mixtures. The interface fiction angle is close to 30° for mixtures made of 0 to 

30 percent of fine (0.1mm. diameter) materials and as the contents of the fines increases to 70 to 

100 percent the interface angle is reduced to approximately 22°. The observation of dominance 

of the coarse particles for the former and the fine particles for the later case is an important 

contributing factor resulting in the different basal friction resistance. When the coarse particles 

inate the rough points and edges of the surfaces of the particle were compatible to the 

 

5

dom
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contou

On the other hand when the fines dominate the fine particles position themselves in a way 

to fill t

e in the basal friction is gradual from about 8° when only coarse particles were 

resent, to approximately 20° when it comprises entirely of fine grains. The gradual increase 

ems to coincide perfectly to the increase in the amount of fines component in the mixtures. 

The result reveals a very important factor in terms of frictional resistance, which is the 

ontact area. Since the surface of the glass is very smooth interlocking does not take place at the 

terface between the grains and the base. In order to slide the particles do not have to overcome 

ny displacement or rotation. The resistance is therefore purely dependent on the area of contact 

f the grain particles and the base. 

rs of the porous stone surface. Because of this condition they interlocks each other and 

resist the immediate movement of the sliding. Each particle in contact with the base has to 

overcome a certain distance and particle-to-particle contact to initiate sliding. The weight 

component however assists in the sliding. 

 

he voids and reduce particle-to-particle contacts between the large grains. As a result, 

much less interlocking phenomena occur and resistance to sliding is reduced giving a rather low 

basal friction of 22°.  

5.8.3 Action of Granular Soil on Glass Plate Base 

 

The glass plate with a very smooth surface represents an ideal condition of minimal basal 

resistance to horizontal movement. It is due to this particular reason it is used in the tests to study 

the effects of particle contacts. In contrast to the tests carried out using the porous stone base. 

The increas

p

se

 

c

in

a

o
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The aggregate of the contact area is minimal when there were only coarse particles 

ecause of the marked points and edges of the surfaces of these grains. And as fine grains were 

troduced they began to fill the voids and eventually displaced the coarse particles to represent 

e maximum contacts between the grains and the base. It is also interesting to note that in both 

sts using porous stone and glass plate, the interface friction angles seem to converge to about 

0°- 22° when the fine grains are dominant.  The relationships between the angle of repose, 

ngle of internal friction and the angle of interface friction can be observed from the plots in 

igure 34 for the tests using the porous stone base and in Figure 35 for the tests using the glass 

late base. 

 

b

in

th

te

2

a

F

p
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igure 34  Test Results on the Angle of Repose and Interface Angle Using Porous Stone Base

5.0

7.5

10.0

12.5

15.0

17.5

20.0

22.5

25.0

27.5

30.0

32.5

35.0

37.5

40.0

42.5

45.0

0 10 20 30 40 50 60 70 80 90 100

Percentage of Fine Sand Mixture

A
ng

le
 o

f F
ri

ct
io

n 
(D

eg
re

es
)

Angle of Repose  β
Lab. Interface Angle δ (Porous Stone)
Calculated Interface δ
Internal Friction Ø 

Ø

 β

δ L

δ C

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

F  for 
Various Coarse-Fine Sand Mixtures with the Friction Angle of the Specimen 

 
 
 
 
 

 99



 
 
 
 
 
 
 

 
 
 
 

 

 

 

 

 
 
 
 
 
 
 
 
 

 

 
 
 
 

 
 
 

 

 

 

 

 
 
 

Figure 35  Test Results on the Angle of Repose and Interface Angle Using Glass Plate Base for 
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5.9 ANALYSIS AND OBSERVATION 

 

 

 

The values for the angle of internal friction Ø, the angle of repose β and the interface friction δ  

obtained from the laboratory tests are plotted in Figures 34 and 35. And the data collected for 

both cases using porous stone and glass plate base as illustrated earlier could also be verified by 

using the equation (H), 

 

φ
β
φ

φβδ
2

2

cos
cos
cos122

costantan

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+

=  

In this exercise, theoretical values of interface friction angle can be verified by 

introducing the β and Ø into the equation provided the values of Ø is always larger than or equal 

to β. The data obtained indicates that this fact is true fo

2

 

r almost all cases with the exception of a 

ew wh

ures. The almost perfect fit of the laboratory results and the calculated values of the 

terface friction on the glass plate is due to the fact that only sliding friction based on contact 

area takes p

 

f ere the difference between the angles was less than 1.5°. The results of the calculated 

theoretical values is tabulated as shown in the appendix and also plotted in the figures 34(a) and 

34(b). As observed from the plots, the equation seems to satisfy the laboratory results using glass 

plates perfectly, however the laboratory results using the porous stone base differs slightly from 

the theoretical especially when there is limited amount of fine aggregate components in the 

binary mixt

in

lace on the glass base. This condition accurately satisfies the basis by which the 

theoretical equation was formed. 
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5.10 ANGLE OF REPOSE IN SLOPE EVOLUTION BY SHALLOW PLANAR SLIDING 

 

Many natural slopes and rockfill structures are made of a mixture of rock fragments and sand-

size particles(55). Natural as well as man-made cut slopes undergo weathering and that denudation 

kes place evenly at an equal rate everywhere on the slope and as a result slope recession 

re presently available. The Lehman model of slope 

stability evolution mathematical model is one of them.  

The mathematical model assumes that the debris from the weathered slope will 

accumulate at the bottom of the slope and form a pile of scree (talus) with an angle

ta

models were developed. A variety of mathematical models of slope development applying the 

parallel rectilinear slope recession theory a

 

α (scree 

ngle) that leans against the original slope. The model allow tion regarding the slope 

uch as the slope height, the original inclination of the slope and the scree angle be used to 

redict the amount of retreat at the top of the slope and the am dvance of the toe of the 

ew slope. 

The slow and gradual nature of the ilure modeled by Lehman with each 

dividual amount weathering off the slope ended up at the bottom of the slope the formation of 

hich is identical to the angle of repose investigated in this study, the scree angle is therefore 

odeled as th angle of repose for a granular slope.  

.10.1 Lehman Model: Slope Stability Evolution  

he mathematical model developed by Lehman in 1933 is described from the diagram in Figure 

a s informa

s

p ount of a

n

 
slope fa

in

w

m e 

 

5
 
 

T

36 and the related equations as follows. 
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Figure 36  Infinitesim

 

The ratio of the volume removed to the volume deposited at the toe is;   

 

 dy 

dx 

h 

α

ω

Scree Angle α = Angle of Repose β 

 cotωdy 

 y

 dx/cotα 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 

al Increase of the Heap of Debris at the Bottom of A Slope (Lehman 1933) 

 

c
V
V

D

R −= 1  

where,                c = coefficient of volume expansion of the soil. 
 
 

olume removed = Volume deposited V
 

That is,     α
α

ω cot))(1())(cot( ydxdycyhdydx −−=−−  

 

thus,           

cot

 

cyh
ychdx

dy −
−−+

=
)cotcot(cotcot ωααω  
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here,      w  
c

cK ωα cotcot)1( −−
=  

 

                  

 

αωα
ω

cotcotcot
cot

c
h

−−
l =  and  

c
h

 

m =  

 

By knowing the original slope angleω , the height of the slope h, the angle of repose β (that is 

α in the above Lehman equations) and the coefficient of volume expansion of the soil c, the 

treat of the slope and the advancement of the new slope toe could be obtained. 

 
 
 

5.11 EXPERIMANTAL MODELING OF BASAL SLOPE 

olume of soil removed from the slope due to shallow planar sliding failure may also land on a 

oping basal plane. To simulate this condition through a laboratory testing the funnel test is 

arried out at different inclination angle of the base using the adjustable tilt table. The oven dried 

 formed a heap of sand 

con

The photographs in Figures 37(a) and 37(b) illustrate the set up of the test and reveal the 

haracteristic features of the cone formation on both the porous stone base and the glass plate 

ore 

omplicated to measure the angle of repose. 

re

 
 

V

sl

c

coarse granular sand (1.6 mm. diameter) was slowly laid and gradually

e on a predetermined inclination of the base. 

 

c

base. While the face of the progressive slope on the porous stone appears planar and linear the 

sloping face of the cone on the glass plate appears concaved in shape making it slightly m

c
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                                     (a)                                                                    (b) 

Figu

 

 

The diagram from Figure 25 indicates that the angle β is constant with respect to

 
 
 
 

 
 

 

 

 

re 37  Formation of Angle of Repose of Granular Sand on An Inclined Plane Using (a) 
Porous Stone Base and (b) Glass Plate Base 

5.11.1 Theoretical and Laboratory Results 

 
θ and the 

theoretical evaluation of the interface friction δ  is obtained using the following equation (I).  

 
 

( ) ( )
( ) ( ) ⎥⎦

⎤
⎢⎣
⎡ −++−

−++−
=

2
22222

2
222

coscoscoscossincos2

coscoscos2sin2sincos
tan

φββθθβφ

φββθθβφ
δ  

 
 
 

Taking from the previous tests result; angle β = 42.2˚ and φ = 42.5˚ for porous stone 

ase, angleb sδ can be plotted against the adjusted inclinationθ to give the theoretical calculated 

alues. When the progressive slope of the cones were measured experimental values of angle β 

ere obtained and consequently the laboratory results for th

v

eδ . w
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Similarly, taking angle of repose for the coarse sand on the glass plate as β = 33.6˚ and 

φ = 42.5˚ the theoretical interface friction can be compared to the outcome due to the angle β 

asured on the inclined b  stone and the glass plate 

 tabulated in Table 9 and comparison between the plots of theoretical and laboratory values 

of

me ench. The result of the tests using the porous

is

δ are

 

 

 

 

 

 

 
 
 
 
 
 
 
 

Figure 38  Interface Friction δ of Granular Sand (-2.0+1.18 mm.) on An Inclined Plane Using (a) 
Porous Stone Base and (b) Glass Plate Base 

 
 

 presented in Figure 38.  
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The laboratory data and the calculated theoretical values for the interface friction angle 

indicate a high degree of consistency for the sand specimens tested on porous stone base as 

compared to the glass base. On the glass base the sand particles slide easily. Inaccuracy in glass 
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base is partly due to difficulty in acquiring accurate measurement of the concave shaped piles 

formation of the sand on the glass. However, the increase in the interface friction as the 

clination is increased was found to be consistent. 

 

 
 

in

Table 9  Angle of Repose β for Coarse Sand on Inclined Plane 

Inclination θ ˚ 0 5 10 15 20 25  
Porous 
Sto

β ˚-θ ˚
ne 

 42.2 
 

37.2 32.5 27.5 
 

21.7 16.0 

Inclination θ ˚ 0 2.5 5 7.5    
lass β ˚G -θ ˚

Plate 
 33.6 27.0 20.3 17.5   

 

 
 

 

The angle of repose is an im

entation. Its usefulness is not only realized in the geotechnical 

enginee

are som

repose. 

 
• A general equation relating the angle of repose, angle of internal friction and interface 

internal friction angle. And that the angle of repose on a horizontal level is a special case 

 

5.12 CONCLUSION 

 

portant material property for a granular material and it is found to be 

relevant in the study of fragm

ring field but also in other field of studies such as in powder technology. The following 

e of the conclusions made from the investigations carried out related to the angle of 

friction angle is developed taking an assumption that at an instant the failure of the slope 

of the sand cone is influenced by the basal friction as well as the slope angle and the 

of the equation. 
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• The influence by the interfacial friction developed between the material and the base in 

contact on the angle of repose is significant. 

• In the binary mixtures, it is observed that the effect of basal friction increases when the 

resistance is purely related to the area in contact in the absence of interlocking 

characteristics between the material and the base. Thus displaying higher angle of repose. 

 
The interlocking phenomenon developed that is may be due to compatibility of the 

surface roughness between the base and the grains produce the reverse effect when fine 

fragmented particles are introduced. The particle-to-particle contacts are reduced and 

hence lower angle of repose.  

 
• When constructed on a given rough surface, the angle of repose can be regarded a close 

approximation of the angle of internal friction and may be used in a quick estimation 

work. One such relevant app io ose is in prediction of slope retreat 

and toe advancement in slope evolution model developed by Lehman. The effect of 

fragmentation in the denudation process, the type and the slope of the base at the toe of 

the slope will have substantial influence on the outcome of the prediction.  

 

 

 

 

 

 
 

 

licat n of the angle of rep
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6.1 INTRODUCTION 

 

 

6.0   ABRASION IN GRANULAR MATERIALS 

 

 

 

Problems involving fines has long been recognized by highway engineers. Large quantities of 

fines produced during crushing, handling and placement (that is compaction) may render the 

material unsuitable for road construction. Flexible pavement distresses such as fatigue cracking 

uction source of fines and the method of prediction of the quantity. 

 
In the following tests samples of round and angular small size gravels were used to 

recognize the source and the process of abrasion in relation to the shape and structure of the 

aggrega . 

ractal analysis was also carried out to establish the fractal dimensions of the gravels before and 

 investigate the fractal geometry of the processed materials and 

lso to quantify the grain size distribution of the product of the abrasion tests. 

 

 

and rutting and rigid pavement distresses including pumping/ faulting and cracking have been 

attributed to high fines content of the base material(56). The amount of fines produced in either 

one of the activities involving granular materials in the construction of roads has been the focus 

of many earlier researchers(57, 58). However, the problem remains an open challenge for a clear 

understanding of the prod

tes. In simulation of the handling activity, a rotating Jar mill apparatus was engaged

F

after abrasion in an exercise to

a
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6.2 JAR MILLING TEST 

 
 

The porcelain jar used in the mill has a dimension of 6 inches in diameter and 6inches in length. 

Test specimens are placed in the jar together with 65 small cylindrical porcelain charges before 

the lid is put on to close the jar. It is important that the jar is well sealed and tightened prior to 

the milling. The photograph in Figure 39 shows the equipment involved in the jar milling process 

described in the section. 

 

 

 

Figure 39  Jar Milling Apparatus Including the ar and the Lid, the Charges and the Roller 
Milling M chine 

 

was then mounted on the two cylindrical rollers for 20 minutes milling at 50 revolutions per 

J
a

 

6.2.1 The Test Procedure 
 
 
The jar and the charges were initially washed and oven-dried before weighted. A sample of 100 

grams of small size (average diameter of 5 mm.) angular gravels was also washed, oven-dried 

and weighted, and then placed in the jar together with the charges. With the lid tightened, the jar 
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minute in one stage for a total of three stages of 1-hour duration. At every stage, the sample was 

unloaded and individual gravels were closely inspected using a microscopic camera that is 

onnected to a computer. Unlike impact actions that comes together with abrasion in other 

egradation tests such as the L.A degradation/abrasion test. Impact action hardly affects the 

all sample during the test resulting in very m nimal broken gravels.  

 
The images of the ‘worn down’ particles were processed and then they were analyzed 

sing the ImageJ 1.29X program developed by The National Institute of Health, USA. 

rogressive changes in the material were recorded continuously until the completion of the 

illing stages. The products of the milling were also put through 12 minutes of mechanical 

ere also carried out for the 

und gravels prepared in a similar manner in order to establish the basis for comparison 

betwe

 
 
 

6.3 THE ABRASION TEST RESULTS 
 
 

.3.1 The Physical Abrasive Effect 

The degradation of the gravels that occur during the test takes place mainly as a result of 

abrasion. In this exercise the wearing down of the particle physical shape and roughness is 

captured using a computerized electronic camera Nikon SMZ1500 utilizing Omnimet software 

program enterprise version 4.5 B021. The images of both the angular and the round gravels 

before nd 41 

spectively, show signs of surface attrition for the after abrasion effects. 

c

d

sm i

u

P

m

sieving for the grain size distribution analysis. Similar exercises w

ro

en the two types of gravels.  

6

 

and after the abrasion in the jar mill test as presented in the Figures 40 a

re
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                                        (b) 

                             (a)                                                                     (b) 

Figure 41  (a) Round gravels before abrasion and (b) Round gravels after abrasion 

 

 

 

 

 

 

      

5 mm 5 mm 

 

                               (a)                             

 

Figure 40  (a) Angular gravels before abrasion and (b) Angular gravels after abrasion 
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For the images to be captured by the electronic camera a close scrutiny on the intensity 

nd direction of the lighting is required and not to over emphasized the importance of placing the 

objects ex pplying 

dequate light intensity and direction from any available source is much more crucial in 

producing a binary image of the particles to be utilized when performing the area-perimeter 

analysis by means of the ImageJ program. 

 

6.3.2 Area-Perimeter Fractal Analysis 

 
In the usage of the ImageJ program, a high contrast 756x570 pixels 8-bit greyscale image 

production is the key. The image is processed alt  applying th and selection and 

wand tools i ring the two sional image of the objects and finally to produce a binary 

resentation for the area-perimeter analysis. Table 10 and Table 11, each shows the area and the 

lated perimeter of the angular and round gravels before and after abrasion respectively. 

troducing the area against perimeter data into Excel, log-log plot for the power-law fractal 

nalysis is obtained as shown in following figures 42 and 43 for the angular gravels and figures 

4 and 45 for the round gravels presenting before and after abrasion effects.  

 

 

a
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Table 10  Area and Perimeter of Angular Gravels before and after Abrasion  

Before abrasion test After abrasion test 

 
 

Area (sq. mm) Perimeter (mm) Area (sq. mm) Perimeter (mm) 

40.60 26.14 37.76 25.08 

49.97 30.49 45.05 28.59 

43.65 26.96 39.90 25.24 

52.01 29.76 49.95 28.4 

77.00 36.38 70.54 33.93 

46.37 29.61 42.69 27.86 

 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
                            (a)                                                                        (b) 
 
 

Figure 42 (a) Binary Image of Angular Gravels before Abrasion (b) Fractal Dimension before 
Abrasion is 1.0588 
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Figure 43  (a) Binary Image of Angular Gravels after Abrasion (b) Fractal Dimension after 
Abrasion is 1.0106 

Table 11  Area and Perimeter of Round Gravels before and after Abrasion  

Before abrasion test After abrasion test 

  

 

5 mm 
  

Fractal dimension of small gravel (ave 5 mm) 
before abrasion

y = 0.0636x1.979

R2 = 0.9326

10.00

100.00

10.00 100.00Perimeter (mm)
A

re
a 

(s
q.

 m
m

.)

Fractal dimension
DR=1.0106

 

 

 

 

 
 
 
 
 
 
                           (a)                                                                          (b) 
 

 
 

 

Area (sq. mm) Perimeter (mm) Area (sq. mm) Perimeter (mm) 

38.23 23.30 36.08 22.61 

54.09 28.79 51.96 28.21 

48.44 27.20 47.63 26.91 

46.53 25.92 45.19 25.42 

43.96 25.11 41.59 24.44 

55.30 28.31 54.14 27.95 

39.22 23.45 38.07 23.03 

48.51 26.38 45.57 25.41 
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                                                                          (b) 

 

Figure 44  (a) Image of Round Gravels before Abrasion. (b) Fractal Dimension before Abrasion 
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Figure 45  (a) Image of Round Gravels afte

y = 0.1888x1.6892
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The fractal dimension DR of the particles is evaluated using the area-perimeter method 

introduced by Mandelbrot and later Hyslip and Vallejo . It was shown that the ratio of linear 

andelbrot(59) the ratio of linear extents of fractal patterns are in themselves 

fractal and thus; 

 

(33)

extent for a group of similar shaped particles (such as circles, squares et. al.) is constant (that is, 

P/A ½ =constant; where P is the perimeter and A is the area). By evaluating the ratio of linear 

extent within a group of geometrically similar fractal shapes, a fractal dimension can be 

developed. This fractal dimension yields a quantitative measure of the roughness of the common 

shape. According to M

2/1

/1

)(
)(

area
perimeter RD

 

Where, c is a constant value for similar fractal shapes and D

c =                                                                     (6.1) 

up/population. 

n a 

m of it straight line is obtained as illustrated 1 

to 44 ( men sin between 2 and m 

that is DR /m). From the plot in Figure 44 m= 1.6892. The fractal dimension for the group 

 2 divided by 892 g DR = 1.1840. 

R is the roughness fractal dimension 

of the particle gro

 

From equation (6.1) area against perimeter for the group of particles can be plotted o

log-log scale and the slope  the best-f  in Figures 4

(b) b). And hence the fractal di sion is obtained ce D  is the ratio R

(  = 2  (b) 

is  1.6 iving 
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6.4 THE GRAIN SIZE DISTRIBUTION 
 
 

he initial material p aced in the jar mill comprise  gravels passing  inch (6  

ined o 4 ) si ed  end of the three 

tages the st roducts  t fro  r ut t h

pparatus. Tab 12(a) ) pre he re of th e tes  the r nd the round 

ravels respec y.  

Out of 291 num of an  grav 0% foun e br a er 1 hour of 

sting in t e jar mill an mo ine ase s after 20 m nutes to 6.37 

rams after 40 minutes and finally 8.56 grams after an hour. On the other hand, from 238 

number

 

Table 12  Mechanical Sieve Analysis of 

        

T l s of  ¼ .30 mm.) and

reta n no. 4 ( .75 mm. opening eves. As mention  earlier, at every

s  te p  ewer taken ou m e th ja  and p hroug  the mechanical sieving 

a les and (b sent t sults e siev ts for angula  a

g tivel

 
bers gular els 2 were d to b oken ft

te h d the a unt of f s incre d from 3.29 gram i

g

s of round gravels less than 3% were broken after 1 hour of the test and the amount of 

fines increases from 0.61 grams to 1.50 grams and finally constitute only 2.32 grams after an 

hour of milling.  

(a) Angular and (b) Round Gravels Throughout 
Abrasion 

 
(a) ANGULAR        After 20 min.        After 40 min.        After 60 min.  
 Sieve no. Retained wt. % retained Retained wt. % retained Retained wt. % retained  
   (g)   (g)   (g)    
 4 90.69 91.27 83.21 83.93 79.18 80.39  
 10 5.03 5.06 8.77 8.85 10.02 10.17  
 20 0.19 0.19 0.57 0.57 0.48 0.49  
 40 0.07 0.07 0.09 0.09 0.09 0.09  
 60 0.02 0.02 0.02 0.02 0.04 0.04  
 100 0.06 0.06 0.04 0.04 0.03 0.03  
 140 0.00 0.00 0.01 0.01 0.03 0.03  
 200 0.01 0.01 0.06 0.06 0.06 0.06  
 pan 3.29 3.31 6.37 6.43 8.56 8.69  
  99.36 100.00 99.14 100.00 98.49 100.00  
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Table 12 (continue)        
        
        

(b) ROUND        After 20 min.        After 40 min.        After 60 min. 

 
 

 Sieve no. Retained wt. % retained Retained wt. % retained Retained wt. % retained  
   (g)   (g)   (g)    
 4 98.65 98.72 97.58 97.74 96.52 96.88  
 10 0.53 0.53 0.48 0.48 0.59 0.59  
 20 0.09 0.09 0.18 0.18 0.13 0.13  
 40 0.01 0.01 0.05 0.05 0.03 0.03  
 60 0.01 0.01 0.01 0.01 0.02 0.02  
 100 0.01 0.01 0.02 0.02 0.01 0.01  
 140 0.01 0.01 0.01 0.01 0.01 0.01  
 200 0.01 0.01 0.01 0.01 0.01 0.01  
 pan 0.61 0.61 1.50 1.50 2.31 2.32  
  99.93 100.00 99.84 100.00 99.63 100.00  
 

 
From the data a statistical analysis of the fragmentation can be performed by plotting the 

cum  as 

lustrated in Figures 46 and 47. 

 
 
 

6.5 OBSERVATION 

g the test, the segregated gravels are squeezed by the cylindrical charges 

 present within the container. This particular condition makes the individual grain 

 as they rolled over in the jar making right the condition in 

ulation of handling. The large amount of fines as the product of abrasion coming from the 

ade earlier regarding the tendency of crushing at the 

 
 

 

ulative particle size distribution (PSD) as well as the power-law fractal distribution

il

 
 
As the jar revolves durin

that are also

particles packed closer together

sim

angular gravels is a proof to the point m

edges and pointed corners of a particle.  
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ure 46  The Cumulative Grain Size Distributions (PSD) for the Products of Abrasion 
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ure 47  The Power-law Fractal Plots for Fragmentation due to Abrasion in Angular and 
Round Gravels 
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The peripheral fragmentation is depicted by the area-perimeter reduction of the grain 

visually and quantitatively. Studying the Tables 10 and 11 indicates that reduction in area and 

perimeter of the particles images is more in angular than in round gravels. Fractal dimension of 

the initial angular gravels is 1.0588 and after the jar milling the fractal dimension is 1.0106, 

giving a reduction of 0.0482. In the case of the round gravels the initial fractal dimension of the 

particles is 1.1887 and the after milling fractal dimension is 1.1840, giving a difference of 

0.0047. 

 
As the fractal dimension of the area-perimeter indicates the roughness of the particles, it 

an be seen that there is a reduction in roughness in both types of particles. Nevertheless, the 

duction of roughness is more significant in the angular gravel population as compared to the 

round materials. 

 
Referring to the sieve analysis conducted, it is observed that after one hour of similar test 

conditions, the initial amount of the original angular material was reduced by 20 percent while 

the rounded granular material was not much affected with just a reduction of 3.2 percent. 

Throughout the tests, the production of fines in angular gravels stands at four to five times larger 

an that produced in the round gravels. The difference in the cumulative size distributions as 

well as the fractal dimens vels can also be seen as 

illustrated in Figures 46 and 47.  

 
Abrasion of the gravels in the jar milling test produces two main particles namely the 

initial large grains and the fines. It is therefore only logical that the correlations for the plots 

involving other points in between, is somewh  very low and arguably the products may be 

c

re

th

ions between the angular and round gra

at
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interpreted as non-fractal. Even so, if a comparison of fragmentation fractal dimension DF 

etween the angular and the round material is made, fragmentation of the population(33) (the 

ension of the gravels 

and the amount of fines produced is shown in Figure 48 and the result of fractal analyses of the 

grain is tabulated as follows

 

 

 

 

 

 

 

Fig lat n the A nt of Fines Produced (percentage by weight) and 
ragmentation Fractal Dime F  

 

 

 

b

measure of the size-number relationship of the population) is again proven to be greater in the 

s. The relationship between the fractal dimangular than in the round gravel

.  

 

 

 

1.0

1.4

1.8

2.6

3

0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0
 Produced (%)

Fr
ag

m
en

ta
tio

n 
Fr

ac
ta

l
io

n 
D

F

2.2 D
im

.0

en
s

Round gravels
Angular Gravels

Fines

ure 48  The Re ionship betwee
the F

mou
nsion D

 

 

 

 122



 

Abrasion in The Jar Mill before and after Abrasion 

 Angular Gravels Round Gravels 

 

Table 13  (a) Roughness Fractal Dimension DR . (b) Fragmentation Fractal Dimension DF due to 

 

Evaluation: Before abrasion After abrasion Before abrasion After abrasion 

DR 1.0588 1.0106 1.1887 1.1840 

Re 0.0482 0.0047 duction: 
(roughness) 

 

(a) 

 

 Angular Gravels Round Gravels 

Test duration 
(minutes) 

% of fines by 
weight 

DF % of fines by 
weight 

DF

20 3.34 2.5056 0.61 2.3484 

40 6.43 2.5972 1.50 2.4812 

60 8.69 2.6430 2.31 2.5451 

 

(b) 
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6.6 CONCLUSION 
 
 
The power-law fractal plots for the area-perime selected groups of angular and 

round een 

0.93 to 0.98 With a large reduction of original material and the production of a large amount of 

fines, the fractal dimension of the angular gravels was reduced from 1.058 to 1.0106. 

Consequently, the (degree) fragme ied by the measure of DF from 

2.5056 to 2.6430. 

 
 

 

 

 

 

ter analysis of the 

 gravels in figures 41 to 44 display very strong correlation values of R-squared betw

ntation increases as identif

 
As for the round gravels, the roughness measure DR reflects what was predicted, and that 

is the reduction of roughness is only from 1.1887 to 1.1840 with a lower measure fractal 

fragmentation dimension of 2.5451 after 60 minutes of milling. 

 
Fragmentation due to abrasion is more significant in the more angular particles than 

rounded particles when subjected to similar testing condition. It can also be concluded that the 

roughness measure DR and the measure of fragmentation DF utilizing fractal techniques have 

been successfully applied to quantify the measure of abrasion in both materials. 
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7.0   FRAGMENTATION OF GRANULAR MATERIALS AND THE MODULI OF 
ELASTICITY  

For the calculation of the elastic deformation experienced by soils when they are subjected to 

either static or dynamic loads the knowledge of the elastic moduli (Young’s modulus of elasticity 

E, shear modulus G, and Poisson’s ratio, ν) of the material is required. Although the response of 

(60). These elastic constants are 

needed to predict stresses and strains in the pavement layers. As a result of fragmentation of the 

granular base during the life of a pavement structure the values of these elastic moduli could 

hange. 

Total crushing episode of larger granular materials begins with this chapter which look at 

the experiences of the spherical glass beads and small gravels when subjected to a range of static 

loads. Crushing behavior of these materials was first studied and using an ultrasonic velocity 

Pundit testing apparatus (Model CT-30, produced by ELE International) on the fragmented 

materials the effect of crushing induced by these loads on the elastic moduli of the spherical 

 
 
 
 

7.1 INTRODUCTION 
 
 

soils to these kinds of loads may not be strictly represented as linear elastic, solutions based on 

linear elastic behavior are commonly used for the estimation of stresses or strains in the field. It 

forms an important component in the theoretical methods of pavement designs not only that of 

the pavement surface but of the unbound granular base as well

c
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glass beads, angular and round gravels were investigated. Laboratory tests using the Universal 

esting Machine (UTM) to induce a range of static loads on the materials were also carried out 

s described in the following sections. 

 
 

7.2 FRAGMENTATION UNDER STATIC LOADING 
 
 

n initial laboratory experiment was carried out with a Plexi-glass tube of 2.0 inches in diameter 

 filled with the 5.0mm.diameter glass beads having specific gravity of 2.5 to a depth of twice 

e tube diameter. For meaningful test results, it is found necessary to maintain a ratio of sample 

iameter to the maximum particle size of approximately 6:1 or greater. The recommended 

hes (that is 8.5 mm). The 

be is set up right with a steel plug at the bottom on which the beads are rested and a 2.0 kg 

p

pose a crushing condition to the grains and to investigate the crushing characteristics of the 

d-off from 

the screen since it was set to exert only very low increments of 10lbs reading (22 kgf) at a time. 

For exa

T

a

A

is

th

d

maximum diameter of a granular material is approximately 0.333 inc

tu

iston head pressing against the grains at the top of the beads. The objective of the exercise is to 

im

perfectly spherical beads. 

 

7.2.1 The Static Load Fragmentation Investigation Routine 

 

The UTM is a constant-stress testing machine. Applied load readings were easily rea

mple to achieve a maximum compressive load of 10,000 lbs, the sample was loaded for 

150 minutes. As the material compresses under the uni-axial loading forces it will exert a radial 

pressure within the plexi tube thus subjecting it to tension. To avoid breakage of the cylinder at 

low loads, a number of hose clamps were used as shown in the Figure 49. 

 126



 
 
 

 

 

 

 

 

 

                                             (a)                                                          (b) 
 

Figure

The glass beads were loaded to three different crushing loads of 4560 lbs. (10.0 MPa), 5360 

lbs.(11.8 MPa) and 10850 lbs (23.8 MPa ). Due to the position of the individual grains and the 

consequent manner by which the particle-to-particle contact points developed, varying stresses 

were experienced by individual bead in the specimen and hence the formation of chaotic non-

(18)

At these three loading stages a fragmented sample was taken to another compression 

machine and further subjected to a set of three different compressions under which the ultrasonic 

waves were passed through for the evaluation of the elastic moduli. Thereafter the samples were 

sieved to obtain the PSD and consequently the associated fractal fragmentation dimension.  

 

 
 
 

 

 
 
 

 

 

 

 49  Fragmentation of 5mm. Glass Beads Induced by Static Compression Using The UTM 
(a) Before Load Application, and (b) After Crushing Load 

 
 

uniform force chains in the system as suggested by Cundall and Strack in Figure 3 . 
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7.3 FRAGMENTATION CHARACTERISTICS OF GLASS AND GRAVELS 

.3.1 Glass Beads 

Glass is a material which normally behaves elastically. The crushing of the glass beads serves the 

purpose of understanding the action of crushing of perfect spheres(61). After the completion of 

rlier in Chapter 6 were 

containing the glass b his can be expected 

aterial strength, structure and texture of the grains. 

 

degree of material packing was observed at the 

top of the cylinder and a lesser degree of packing took place at the bottom plug as can be seen 

from Figure 50. 

 

7

 

this exercise, similar samples of angular as well as round gravels used ea

put under the same routine as the glass beads. The crushing within the plexi glass cylinder 

eads and the rocks were found to be different. T

because of the different m

As the compression load was increased, sporadic explosions of individual glass beads 

were observed. These small explosions occurred more rapidly all over the particulate system 

without any particular pattern, the result of which sudden decreases of compression were 

observed. The total crushing of a sphere creates sudden addition of voids. With reduced points of 

contacts compression was reduced and as the particles again packed together a new stress chain 

was developing with a different set of contact points. 

 

Eventually the point-to-point contact between the spheres was reduced as the amount of 

fragments increased. At the maximum compression load applied, there were only isolated 

occurrence of explosion and in addition a high 
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Figure 50  (a) Highly Packed Glass Beads and Fragments on the Top Column, and (b) Migration 

 

ent were initially obtained from a natural soil mixture of 

arious sizes of coarse grain materials and put through a sieving process for selection. These 

ravels were then thoroughly washed and oven-dried and carefully hand picked to ensure they 

ll into either category of the angular or the round gravels As natural rock materials, the gravel 

ay have lines of faults and micro cracks and cracks within them. Because of the non-uniform 

structural shape of the rocks, the initial voids in gravels are higher than glass beads. And 

similarly with the angular gravels which has a higher void ratio than the round gravels. In 

aterials is also different with the roughest surface as 

moother and the perfectly 

 

 

 

                                               (a)                                                             (b) 

 

of Fines within the Fragmented Particulate System 

 

7.3.2 Gravels 

The uniform gravels used in the experim

v

g

fa

m

addition, the surface texture of the three m

being presented in the angular gravels and the round gravels being s

smooth texture of the glass beads surface area.  
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All the characteristics mentioned above seem to dictate the way crushing takes place in 

e gravels. The more irregular the shape of the particles within a particulate system the point-to-

oint contact between the individual grains becomes less defined. There was also an absence of 

 of glass beads, however sounds of cracks are 

being heard as the compression is applied. In contrast to the glass beads, total crushing was 

mostly observed to have taken place on the top most layers of the gravels column where they 

w t 

angular gravels frac . There were more 

igration of the fragments within the angular than the round gravel and this can be observed 

om the images of the composition of the materials rested at bottom of the cylinder as seen in 

igures 51 (b) and 52 (b). 

                                                                        (b) 

Figure 51  Crushed Materials after Compaction Viewed from (a) Top Layer ( in Contact with 

 

 

th

p

explosive crushing as observed in the crushing

were in contact with the loading piston. The crushed gravels form compact layers at the top 

hile the gravels at the bottom layers were not very much affected. Figure 51 indicates tha

ture more than the round gravels as shown in Figure 52

m

fr

F

 

 

 

 

 

 

                           (a)   

 

Loading Piston) and (b) Bottom Layer in Angular Gravels 



 

 

 

 

                                  (a)                                                                    (b) 

Figu

 

 

 

 

 

 
 

 

 

 

 

 

Figure 53  Compressed Specimen in the Versa Loader Compression Machine Subjected to 
Ultrasonic P and S waves 

 

 

 

 

re 52  Crushed Materials after Compaction Viewed from (a) Top Layer ( in Contact with 
Loading Piston) and (b) Bottom Layer in Round Gravels 
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In order to evaluate the elastic moduli, the values of the P and the S waves are required. To 

obtain the measurement of the waves a supersonic pundit apparatus was used on the crushed 

specimens in a test set up as shown in Figure 52. 

 

Imm

7.4 MEASUREMENT OF THE PROGRESSIVE P AND THE SHEAR S WAVES 

ediately after the fragmentation and the compression of a sample in the UTM were 

ompleted, extra care was taken so that as little disturbance as possible occurred when the 

sample still rem achine. 

The in tallatio he shea transduce  then sw o the co e waves 

set w  car to ge opriate r ected if  were 

performed  ra n  es n mple remains 

unchanged. 

 
To find the elastic modulus of the sample, the velocities of compressive wave, V  and the 

shear wave, Vs are obtained using a pundit apparatus that measures the time travel across the 

sam etwee  tra r a e r  transduce c rs 

at measure 50mm. in diameter have the central frequency of 54kHz. for the S-wave (shear 

ectively. As the transducers used for 

the P-wave and the S-wave measurements are different, great care is taken during the process of 

switching from one set of transducers to the other. 

c

aining in the same plexi-glass tube was transferred to the Versa Loader m

s n of t

ried out 

r waves r set and itching t mpressiv

ere t the appr esults. A better result is exp  the tests

in such a way that the ar ngeme t of the particl  withi the sa

p

pl  be n the nsmitte nd th eceiver rs. The ylindrical shaped transduce

th

wave) and 180kHz. for the P-wave (compression wave) resp
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The pundit apparatus with a high degree of accuracy of 0.1E-6 measures the travel time 

through the sample at compression pressures of

accuracy of the apparatus at these readings were demonstrated in tests carried out earlier for the 

ples by Loboguerrero(35). The shear and 

Table 14  P-wave and S-wave Velocities through a Crushed Glass Beads Sample 

   

Transducers 

 

Transducers 

 

Velocity 

 

Velocity 

 100 kPa, 200 kPa and 500 kPa. The average of 

two readings for each test specimen is recorded at each compression load. The consistency and 

purpose of obtaining Young’s modulus of binary soil sam

compressive wave velocities are calculated as shown in an example in Table 14 and the 

velocities are then used to obtain the moduli of the sample using equations (2.3), (2.4) and (2.5) 

as follows. 

 

 

 
Load 
Dial 

Versa 
Loader 

Machine 

P wave S wave P wave S wave 

Reading         
Compres

sive 
Pressure 
σc (KPa) 

sample 
length 

d(m) 
 

time 
(1xE-6) 
seconds 

sample 
length 
d(m) 

time 
(1xE-6) 
seconds 

ρ 
Density 
(kg/m³) 

 
Vp m/s 

 

ρ 
Density 
(kg/m³) 

 
 
Vs m/s 

 
60 
 

 
100 

 
0.1040 

 
63.8 

 
0.1050 

 
111.6 

 
1546.8 

 
1630.1 

 
1532.1 

 
940.9 

 
125 

 

 
200 

 
0.1035 

 
60.0 

 
0.1040 

 
99.4 

 
1554.3 

 
1725.0 

 
1546.9 

 
1046.3 

 
320 

 

 
500 

 
0.1030 

 
56.3 

 
0.1035 

 
86.6 

 
1561.9 

 
1829.5 

 
1554.3 

 
1195.2 
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sp VV −

222 43 sps VVV
E

−
=

ρ
                             (7.1) 

      Poisson’s ratio, 

 

⎟
⎟
⎞

−

−
22

2 sp

VV
V

                                                    
⎠

⎜
⎜
⎝

⎛
=

22

2
1

sp

V
v         (7.2) 

 
 

 133



 134

σc= 23.84MPa;  y = 0.7059x0.8477

DF= 2.1523 R2 = 0.9814

σc= 11.78MPa; y = 0.3284x1.3307

DF= 1.6693 R2 = 0.9396

σc= 10.02MPa; y = 0.1908x
DF= 1.4608 R2 = 0.9072Fr

a
c 1.5392

0.0001

0.001

0.01

0.1

1

0.00 0.01 0.10 1.00

tio
n 

Pa
ss

in
g

  M
(R

<r
)/

M
T

Relat ive Sieve Opening (r/r  L  )

Compression=23.84MPa
Compression=11.78MPa
Compression=10.02MPa

0

30

40

50

60

70

80

90

100

0.010.101.0010.00

Pe
rc

en
ta

g
e 

fin
er

10

20

Grain size (mm)

P=23.84MPa
P=11.78MPa
P=10.02MPa

    Shear modulus, sVG ρ=                                                                       (7.3) 
 

 

7.5 RESULTS OF THE FRAGMENTATION AND ELASTIC MODULI OF GLASS BEADS 

ng trends seen in the 

ragmentation of sands are also observed in the experiments with the fragmentation of the glass 

eads. The increase in the amount of the fragments of the glass beads is associated to the 

crease in the fractal fragmentation number by evaluation of the power-law plots. 

 
  
 

Figure 54  Fragmentation in Glass Beads  
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7.5.1 Fragmentation of the Glass Beads 

 
Fragmentation in the glass beads due to the applied static loads is presented by the PSD curves 

and the related the power-law fractal fragmentation dimension plots in Figures 54(a) and 54(b). 

The correlations for the plots in Figure 54(b) were found to be very good and they improved as 

the higher degree of crushing was attained. Similar to the earlier crushi
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.5.2 Elastic Moduli of the Glass Beads 

ith increasing pressures applied in the Versa Loader machine from 100 to 200 and 500 Kpa, 

ertical deformations take place. Higher values of wave velocities Vp and Vs can be expected as 

own in Table 14 as the length of the samples are reduced. These deformations are certainly 

ffected by the quantity of glass bead fragments as a result of crushing in the UTM. The samples 

xperienced a change in the volume and in the density of the material. However, with such a 

latively small deformation as the porosity was in the range of 0.36 to 0.31 for the initial 

ondition to the final maximum load applied condition, coupled with the sensitivity of the 

ent in measuring loosely packed material, the plots in Figure 55 do not indicate 

gnificant effects due to increases in the fractal fragmentation dimension. 

                                               (a)                                                                      (b) 

 

Figure 55  Effect of Compre odulus of Elasticity E and 
(b) Shear Modulus, G of Crushed Samples 
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Figure 56  Effect Fragmentation on (a) Young’s Modulus of Elasticity, (b) Shear Modulus and 
(c) the Poisson’s Ratio of Glass Beads 
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A relationship between the elastic moduli and the fragmentation of the glass beads can be 

btained as shown in the Figures 56(a), 56(b) and 56(c). For a compression between100 KPa to 

00KPa the measured elastic modulus (Young’s modulus) of the glass beads is between 2 to 

x109 Pa and the shear modulus is between 1 and 2x109 Pa. The accuracy of the tests is quite 

ood since elastic modulus obtained is only less by approximately 101 to the values mention in 

me text(61).  

When the glass beads begin to crush the values of elastic and shear moduli drop slightly. 

riginally it may need a larger stress to achieve a particular strain, however with some amount 

of fragments the strain is  previously and hence a 

ery slight drop in the moduli.  

7.6 TEST RESULTS OF FRAGMENTATION AND ELASTIC MODULI OF GRAVELS 

.6.1 Fragmentation of the Gravels 

ravels that were loaded to crush in the UTM were fragmented in the manner presented in the 

hotos in Figure 51, and 52. The fragmented product of the compressed sample is presented by 

e PSD and the corresponding power-law plots as shown in Figures 57(a) and 57(b) for round 
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gravels and Figures 58(a) and 58(b) for angular gravels. 
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Figure 58  Fragmentation in Angular Gravels  

 

 

 

 

 

 

 

 

Figure 57  Fragmentation in Round Gravels  

 

 

 
 
 
 
 
 
 
 
 
 
 
  
 
 

 
 

 

 
 



 
The results due to static compression loading on mix gravels with different structural 

the fragmented angular specimen. In general however, 

e experiments on the crushing of the two types of sample due to static loading gave out almost 

identical results in terms of the production of fragments. 

 

duli tests. 

Figure 59  Relationship between the Fragmented Gravels and the Compressive Pressure 

shape shows that slightly more fragments were produced in the round gravel for the given 

crushing compressions of 10 MPa, 11.8MPa and 18.2MPa. The fractal dimensions of the crushed 

samples were also slightly higher in the round gravels although the power-law plots seemed to 

indicate that the correlations are better in 

th

The following plots in Figure 59 illustrate the relationship between the crushing 

compression and the fractal dimension of the fragmented materials for both the round and the 

angular shaped gravels used in the elastic mo
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7.6.2 The Elastic Moduli of Small Gravels 
 
 

he gravels were performed on the gravels using similar 

rocedu es as the ne used for th  glass beads in the earlier exercise. A sample of the calculated 

result of the tests for the elas  on rou  subject mpress of 10.0 

MPa is presented in Table 15(a) and (b).  

 
As the gravels crushes under compression, the particulate system eforms. At every stage 

of comp ction sity therefore increases while the porosity decreases. The elastic moduli on 

the other hand as obtained in Table 15 (b) were calculated using the equations presented earlier 

(EQ 7.1, EQ 7.2 and EQ 7.3). The overall data can be elate ag ti h  the 

following plots in Figure 60 (a), (b) c)
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Table 15  Result of (a)S-wave and P-wave Velocities for Gravels Crushed at 10 MPa and (b) 
Computation of Poisson’s Ratio, Young’s Modulus and Shear Modulus 
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Figure 60  Effect of Fragmentation on (a) the Poisson’s Ratio, (b) Young’s Modulus and (c) 
Shear Modulus of Elasticity of Gravels 
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Poisson’s ratio for the granular soil varies over a narrow range(62) The values obtained 

based on the calculated ultrasonic compressive and shear waves velocities show an overall 

smaller Poisson’s ratio. As observed from Figures 60(b) and 60(c) the response to a larger 

compression load in the Versa Loader is a higher value of elastic moduli. By increasing the 

crushing of the gravels as indicated by the fractal dimension numbers, the Young’s elastic 

modulus and the shear modulus for the gravels follows a pattern of gradual increase in values of 

the moduli. For example, when subjected to a compression of 500 KPa in the Versa Loader 

machine, the initial unbroken gravels gives the E=4,430 MPa. When crushed at 10.0 MPa, the 

E=5,050 MPa. and finally the Young’s modulus for the gravels crushed at 11.8 MPa., is 5,247 

MPa. 

7.7 CONCLUSION 
 
 
Laboratory tests using the ultrasonic pundit apparatus on granular samples of glass beads and 

small gravels with average size of 5.5 mm is a complex exercise mainly because the free 

movement of these mostly loose materials during the tests. The results of the progressive and the 

shear wave velocities of the consequent state of fragmentation will record erroneous reading if 

the particles arrangement were altered. As the  are highly sensitive, a slight error in 

recording will most of the time provide a misleading result. 

 
The elastic moduli obtained when using the glass beads does not indicate an increase in 

value with respect to increase in fractal dimens es when the compression in 

the Versa Loader was at the compression press of 500 KPa. The main reason for this is that 

the glass beads are always very fluid and moves with the slightest agitation. 
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Crushing tests carried out on specimens of round and angular gravels using the UTM 

shows almost identical results in terms of fractal dimension evaluation. The elastic moduli tests 

perf ase 

with the increase in rock fragments denoted by ractal fragmentation number. The analysis 

carried out in the tests shows a good promise in the application of fractal fragmentation to the 

response of elastic constants of granular m
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HYDRAULIC CONDUCTIVITY  

 

 

 

8.0 FRAGMENTATION OF GRANULAR MATERIALS AND ITS EFFECT ON THE 

 

 
 

8.1 INTRODUCTION 

Investigation on the effects of presence of water in a soil is a very important aspect of study in 

geotechnical engineering. A build up of pressure in the soil may create all kinds of structural 

The investigative work on the hydraulic conductivity of the granular soil related in the 

chapter involves a number laborious assignment in the laboratory. To understand the flow 

cha

 

 
 

problem in the field. Somewhat this is analogous to the blood pressure in a human body. If 

pressure is high the body may get sick. It was mentioned earlier that a build up of water pressure 

damages the road pavements and this leads to the ultimate failure to the pavement structure. To 

avoid the unwarranted condition, water that enters the granular domain of the system should be 

able to flow out with ease. This however may not be the case if crushed granular material is in 

place instead of the initially selected rocks with a uniform size is used. 

 

racteristics in the granular phase, the material used were selected into the two types referred 

as the angular shaped and the round shaped gravels. Each individual stone was carefully 

inspected and selected to prepare a total specimen weight of 6 kilograms of gravels that fall into 

the two groups. 
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To induce crushing the UTM is used to simulate static load and the soil mechanics 

tandard Compaction Proctor is used to simulate dynamic load. The compacted and fragmented 

mple in the steel cylinder was then transferred to a constant head permeameter set up as shown 

 Figure 64. The specimen was oven dried after the tests on the hydraulic conductivity of the 

mple was performed and again further crushing was induced and the next cycle of tests was 

peated. 

 
 
 

 
 

T

presented in the previous chapter. Fo mulation using the standard proctor 

st (based on ASTM Designation 698-91), the resultant crushing of the gravels is due to 

ounding action of the drop hammer. Crushed gravels subjected to 100 blows, 200 blows and 

00 blows were tested for the hydraulic conductivity. The following Figures 61 (b) and 62 (b) 

how almost identical PSD plots. However, the fractal dimensions obtained from the data 

dicate a slight difference between the two results as can be seen from Figures 61 (a), 62 (a) and 

3. 

Just as in the static loading situation, in relation to the energy imported to the gravels, the 

alue of fractal dimensions of the products were found to be almost identical. It is also observed 

at fractal dimensions of the specimens were much higher in the dynamic loading than the static 

S
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in

sa

re

8.2 FRAGMENTATION BY DYNAMIC LOAD 

he induced fragmentation by static load in the UTM has been carried out and the results were 

r the dynamic loading si
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loading indicating higher degree of fragmentation. 
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Figure 61  (a) Fragmentation Fractal Dimension F and (b) The Particle Size Distribution of the 
Round-Shaped Gravels 
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Figure 62  (a) Fragmentation Fractal Dimension DF and (b) The Particle Size Distribution of the 
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Angular-Shaped Gravels 
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Gravels Subjected to Standard Proctor Compaction 

 

8.3 HYDRAULIC CONDUCTIVITY OF POROUS MEDIA 

Darcy in 1856 proved by experimental results that the discharge (seepage) velocity v is 

proportional to the imposed hydraulic gradient i (head difference i across a sample length, L) in a 

simple relationship as follows. 

 

 

 and,                                  q = ki.A                                                                (8.2) 
 
 

where  k is the hydraulic conductivity(37) in cm/s 

q is flow discharge in cu. cm/s , and 

A is the x-section area perpendicular to the flow lines in sq.cm. 

 

 

 

 

 

 

 

 

Figure 63  Measured Fragmentation Fractal Dimension DF of the Crushed Round and Angular 
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                                            v = ki                                                                 (8.1) 
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The coefficient k , also known as coefficient of permeability(36, 63) represents the seepage 

elocity for i = 1 and has a velocity dimension [LT-1]. The hydraulic conductivity is a measured 

uantity which characterizes a porous medium and the fluid which flows through the medium. 

he size of the soil grains affects the flow in the soil because the pore size, which is the primary 

ariable, is related to particle size. It was stated by Lambe(64)  that the permeability of a 

ohesionless soil is approximately proportional to the square of an effective diameter. Other 

portant factors are the void ratio of the soil and the shapes and arrangement of the pores. The 

nly important variable of water is viscosity, which is sensitive to temperature. The hydraulic 

onductivity of a soil is therefore a soil property which indicates the ease with which water will 

ow through the soil. 

 

8.4 CONSTANT HEAD PERMEABILITY TESTS 
 
 

esting that has been found to be suitable for granular materials is 

dopted in the exercise. The testing procedure follows the recommendations of the ASTM D 

2434 as presented in The Soil Testing Manual, Department of Civil and Environmental 

Engineering, University of Pittsburgh(65). The apparatus set up shown in Figure 64 is using the 

K-605 combination permeameter with the in-flow at the bottom. 
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mber and not lost during all the tests until completion. In the permeameter, porous 

tone filter-units were installed at the bottom as well as at the top of the specimen. To avoid 

logging of these porous stones by the fines transported outwards by water, a layer of thin 

urable paper filter is also installed. The filters are wrapped around the porous stone units each 

ith a rubber band in such a way that during the tests flow is forced through the units rather than 

round them.  
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Figure 64  The Hydraulic Conductivity Test Set-up 

 

8.4.1 Additional Procedures 
 

As effects due to the different level of crushing needed to be recorded it was necessary for 

additional apparatus and measures were included in order to obtain a higher accuracy data. Every 

single material especially the fines produced as a result of the crushed gravel need to be kept 

within the cha

s

c

d

w

a
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The thickness of the base plug at the bottom of the chamber during which the specimen 

as crushed was designed to perfectly fit the total thickness required to place the filter unit as the 

hamber was set up in the permeameter. The perfect fit was the key to the leak-proof tests. 

dequate tests were then carried out to evaluate the hydraulic conductivity of the filter-units. 

sing an equation (EQ. 8.3) for equivalent hydraulic conductivity the determination of vertical 

ow in stratified layers the k values for the tested samples were obtained. 
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Water entering chamber from the a constant water level reservoir through the bottom 

passe exits 

ia a tube attached to the top lateral valve as shown in the schematic drawing in Figure 65. At a 

specifi

 
 

 

 

 

⎝ 1Vk

 
 

s the bottom filter unit into the gravel specimen and moves through the top filter and 

v

c head difference at least 3 flow discharges need to be measured in order to obtain a 

steady data that can be used. Measurement of time was by using a stop clock to indicate the 

duration to collect 500 ml. of water. Interference due to trapped air bubbles constantly occur and 

the temperature of the water also need constant monitoring because it can vary significantly at 

certain time. 
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sed a high  discharge q is obtained since they are directly 

prop or testing time of 6 to 8 hours was required to 

cond ifferen e plot can now be constructed to 

obta draulic ) and thus the value for the hydraulic 

onductivity of the specimen is calculated from the equation (8.3). 

After completion of a test, the filter units were carefully extracted from the chamber 

hile leaving the soaked specimen perfectly intact. The base plug is again fitted at the bottom of 

e chamber and the gravels are oven dried at 300˚C for a duration of 24 hours. After a cooling 

Outflow 

h, head difference 

Constant head (constant water level) 

Inflow 
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Figure 65  The Schemati rawing of the Constant Head Test with In-Flow at Botto

If h, is increa er value of

ortional to each other. F each specimen, 

uct an average of 5 d t values of h. A straight lin

in the equivalent hy conductivity ( )(equivalentVk

c

 

w

th

off period, the specimen is subjected to a higher degree of crushing and after which the process 
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of saturation and then the exercise of measuring of the discharges at various heads is repeated. 

From beg ni u of ecim L w re constantly 

recorded to closel  m on as w s th in the void 

ratio of the gravels.  

 

8.4.2 m le of Test Data 
 
 
The following Table 16 shows a sample o st data after a s  of angular gravels was 

crushed at 18.24 MPa. and the data is used to obtain the equivalent hydraulic conductivity from a 

straight line plot as in Figure 65. The description of the related angular gravel specimen is 

prese s w e 

Table 16  Test Specimen Description 

Type of specimen

 the in ng, meas rements  the sp en height ( ) and eight we

y monitor the integrity of the co positi ell a e changes 

A Sa p

f the te pecimen

nted a  follo s in Tabl 17; 

 

 
 : Angular-shaped gravels (average diameter: 5.5 mm.) 

Crushing Load Pressure : 18.24 MPa 
Specific gravity G : 2.67 
Dry weight Ws : 571.87 g. 
Height of gravel : 10.55 cm. 
Length of medium, L : 13.05 cm. (porous stone filters: 2.5 cm.) 
A,( chamber x-section ) : 31.44 sq. cm. 
Sample dry density γd : 1.724 g/c.c. 
Void ratio, e : 0.551 (Porosity, n : 0.355) 
Filter (porous stones) kp : 0.0145cm/s 
Measured kV equivalent : 0.0367cm/s 
Measured k gravel : 0.0576cm/s 
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Table 17  Hydraulic Conductivity Laboratory T ta for Angular Gravels Subjected to Static 
Compression Pressure of 18.24 MPa  
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kT= v /i 
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gradient 
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 (cm/sec) 

conductivity 

(cm/sec) 

temperature 
(˚C) 

kT=20= 
v /i 

(cm/sec
) 

 

Flowrate 
v = (Q/A)/t 

 

        
1320 2.7 0.2069 0.0120 0.0582 25.0 0.0517 0.0107 

 
880 

 
5.9 

 
0.4521 

 
0.0181 

 
0.0400 

 
25.0 

 
0.0355 

 
0.0160 

 
 

      
0.0498 

 
0.0279 

 
495 7.3 0.5594 0.0321 0.0574 26.0 

 
46

       
6 

 
9.5 

 
0.7280 

 
0.0341 

 
0.0469 

 
25.0 

 
0.0416 

 
0.0303 

 

 

 

 
14.

 

 

 

 

 

 

 

 

 

 

 

 

 
400 5 1.1111 0.0398 0.0358 26.0 0.0310 0.0345 

 

 

 

 

 

 

Figure 66  Hydraulic Conductivity (kV equivalent = 0.0367 cm/s) for Angular Gravels Subjected to 
18.24 MPa 

 

 

 

 

 

 

 
 
 
 
 
 
 
 



 
 
 
 

8.5 HYDRAULIC CONDUCTIVITY OF FRAGMENTED GRAVELS DUE TO STATIC 
AND DYNAMIC LOAD 

 
 

ydraulic conductivity tests were conducted on four samples from round gravels and four from 

ngular gravels. The first sample from each of the group represents the condition before crushing 

lt of increased crushing 

ads either in static or dynamic modes. As the materials break, the volume decreases and the 

hich the water can flow through the specimen is affected. 

 
The following plots show the result of the hydraulic conductivity tests for the round 

ravels in Figure 67 (a) and for the angular gravels in Figure 67 (b). due to static axial 

ompressive load. The laboratory results in the case of dynamic loading by conducting repeated 

lows of the standard proctor are presented for the evaluation of k by plots in Figure 68 (a) for 

e round gravels and in Figure 68 (b) for the angular gravels. Tables 18 (a) and (b) summarize 

sults of the tests and the affect of the increased fragmentation signified by the fractal 

imensions. From the data, a relationship between the hydraulic conductivity of the gravels and 

e fractal dimensions can be established, and this demonstrated by the plots in Figure 69.  

 

H
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takes place. The next three represent progressive fragmentation as a resu

lo

finer fragments migrate into the voids. As a result of reduced void ratio and porosity, the ease at 
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Figure 67  Laboratory Evaluation of Hydraulic ductivity k for Fragmented (a) Round Gravels 
and (b) Angular Gravels Subjected to Static Load 

                                   (a)                                                                     (b) 

 

Figure 68  Lab ound Gravels 
and (b) Angular Gravels Subjected to Dynamic Load 
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oratory Evaluation of Hydraulic Conductivity k for Fragmented (a) R
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Table 18  Summary of the Test Result due to (a) Static Compression and (b) Dynamic Loading 

 
Round Gravel Angular Gravel Static Compression 

Pressure, N (MPa) Fractal 
DF

Void ratio 
e 

k 
(cm/s) 

Fractal 
DF

Void ratio 
e 

k 
(cm/s) 

0 1.0000 0.681 0.343 1.0000 0.836 0.150 
12 2.3082 0.616 0.329 2.2520 0.711 0.117 
18 2.4005 0.530 0.250 2.3372 0.551 0.058 
24 2.4200 0.462 0.027 2.3500 0.422 0.016 

(a) 
 

Round Gravel Angular Gravel Dynamic Loading 
E(# blows) 

 
Fractal 

DF

Void ratio 
e 

k 
(cm/s) 

Fractal 
DF

Void ratio 
e 

k 
(cm/s) 

0 1.0000 0.667 1.024 1.0000 0.829 0.520 
2 MJ/m3(100blows) 2.3890 0.599 0.451 2.3512 0.681 0.047 
6 MJ/m (300blows) 2.5642 0.517 0.032 2.5249 0.601 0.026 3

12 MJ/m3(500blows) 2.6044 0.496 0.016 2.5951 0.461 0.006 
(b) 

 

 
 

 

 

 

 

 

 

 
 
 

Figure 69  Hydraulic Conductivity of Round and Angular-Shaped Gravels in Relation to the 
Fragmentation Fractal Dimension due to Static and Dynamic Loads 
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The laboratory results show that the values of hydraulic conductivity of fragmented 

round-shaped grains and fragmented angular-shaped grains each falls within a certain band. Flow 

f water is more efficient on rounded surface with smooth texture than in bodies with sharp 

corners and jagged surfaces. As a result of fragmentati

cy of flow in round gravels as well as the angular gravels is affected. The effect of finer 

gme s in r onductivity is very significant beyond fractal 

ens n 2.3 duced. Besides the fines fragments are in fact 

ng lar-shaped

angular gravels. Flow of water in the angular gravel has been always inefficient and as the rocks 

transformed into numerous smaller angular particles the hydraulic conductivity is reduced but the 

reduction is not as much as those encountered in the round gravels. 

 
Basing b ratory results so far indicate that under similar 

magnitude of 

angular grave ts reduces the hydraulic conductivity. 

owever, the reduction in the ease of flow in the round gravels is counter balanced by the 

efficien

 medium as 

well as the amount of fragments could have therefore affected the hydraulic conductivity 

characteristics of the fragmented medium. 

 

o

on due to high axial compression, the 

efficien

fra nt ound gravels on the hydraulic c

dim io when the permeability is greatly re

a u  grains with various sizes. This explains the less pronounced plot presented in the 

 on the fractal dimensions, la o

crushing load the round gravels appear to be producing more fragments than the 

ls. Clearly, the increase of the fragmen

H

cy of the fluid flow around smooth rounded grains giving a slightly higher value of k in 

fragments with round gravels. The shape of the unbroken gravels remaining in the
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8.6 A COMPARISON OF THE LABORATORY AND ANALYTICAL SOLUTIONS 

Estim co ty of cle lar soil m carried out by using the 

following equation which is derived from the Kozeny equation as follows(66); 

 
 

 
 

ation of hydraulic nductivi an granu ay be 

e
eDρ

C
gk

+
=

2 3
2                                                        (8.4) 

 
whe
 
g is the acceler f the gravit

s 1µ

re, 

 ation o y. 
 

ρµ   is the kinematic velocity of water. 

analysis using the equation:   

 
sC  is a particle shape factor, which varies from 360 for spherical particles to about 

700 for angular particles. 

e  is the void ratio 

D is a weighted or characteristic particle diameter and is obtained from grain-size 

∑
∑= i  

 

 
 

 

)/( ii DM
M

D

 where, Mi is the mass retained between two adjacent sieves and Di is the mean 

diameter of the adjacent sieves openings. 

 

The k values from the Hazen’s formula, 2
10100Dk =  are also presented in the following 

Table 19, where the results of the two methods and the laboratory data are tabulated. 
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Table 19  Hydraulic Conductivity k ( olutions and the Laboratory Results cm/s) from Analytical S

 
 

Round Gravels 
Crushing Blows: 100 200 300 
Fractal Dimension 

DF

2.3890 2.5642 2.6044 

Laboratory k (cm/s) 0.451 0.032 0.016 
Kozeny (EQ. 8.4) 5.247 0.955 0.468 
Hazen’s 1600 1.690 0.810 

Angular Gravels 
Crushing Blows: 100 200 300 
Fractal Dimension 

D
2.3512 2.5249 2.5951 

F
Laboratory k (cm/s) 0.470 0.026 0.006 
Kozeny (EQ. 8.4) 2.986 0.535 0.220 
Hazen’s 361.0 2.560 0.706 

 

 
Comparing the results between Kozeny’s solution and Hazen’s solution it is found that 

solutions using Kozeny equation gives a better fit to the results obtained in the laboratory than 

Hazen’s solutions. It is also interesting to note that the shape factor used for the angular is almost 

twice the value of the shape factor for the round gravels. Even with these factors the flow is still 

very m

 

 

uch over estimated. Analytical and empirical solutions formulated by earlier researchers 

have not considered fragmentation as a contributing factor, instead focused on shape and the one 

size of the grain may it be the effective size as in Hazen or mean diameter as in Kozeny. The 

laboratory works involving fractal dimension analysis giving a specific value for fragmented 

particles therefore may be able to be factored in to provide a better prediction. Since the tested 

specimens consist the shape (round or angular) characteristics as well as fractal characteristics, 

the Kozeny’s may be improved by including both factors instead of only the shape factor Cs  as 

presented in equation (8.4). 
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8.7 CONCLUSION 

 
The investigation perform  permeameter have been 

successful in providing an insight into the problems issued by fragmentation phenomenon in 

granular soils. The hydraulic conductivity of a soil decreases as the fractal fragmentation 

amic loading and static loading to crush the gravels seemed to produce 

lmost identical fractal dimension plots for the angular as well as the spherical particles. The 

repetitive pounding of the standard proctor in the dynamic loading simulation appears to 

encourage more fragmentation than the static loading. However, the hydraulic conductivity 

seemed to be on the higher band than those fragmented due to the static loading. When the grains 

were repeatedly agitated the fragments experienced a more all rounded process of fragmentation 

unlike those subjected to static loads and this slight difference in the particle orientation may 

have given the water an easier passage when the tests were conducted. 

 

ed in the laboratory using the constant head

dimension of the soil DF increases. The effect of the shape of the particles, (ie. spherical or 

angular) has been rightly recognized by earlier researchers by correctly factoring in a higher 

shape factor value (Cs =700) for the angular grains with respect to spherical grains (Cs =360). As 

a result, the hydraulic conductivity in soils with round-shaped (spherical) reveals a higher k than 

angular samples and this is verified in the laboratory tests. 

 
The study on fractal dimension presents a promising tool in improving the prediction of 

the hydraulic conductivity property of fragmented granular materials. The main advantage of 

evaluating a whole population of fragmented material with a number can perhaps be utilized to 

modify existing analytical solutions. 

 
Increased dyn

a
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ranular materials. As a result of the wide range of 

laboratory activities new information regarding fragmentation phenomenon and its effect on the 

enginee

were analyzed from particle size distributions (PSD) before 

and t

from fr

 
Abrasion as a result of peripheral fragmentation of angular and round gravels of 5.5 mm. 

diameter as observed and evaluated in tests using the Jar mill apparatus was found to only break 

the sharp corners of the particles and this changed the profile of the particles. The test results 

showed that abrasion of the angular grains produce more than four times as much fines than the 

round gravels accom F

evaluation on the images of the particles performed before and after abrasion was conducted 

using ImageJ software program. As a result of the particles becoming more rounded the fractal 

9.0   SUMMARY AND CONCLUSIONS 

 

 

The investigation on fragmentation of granular materials performed in this research was focused 

on various laboratory and theoretical techniques. The laboratory techniques involved tests that 

caused fragmentation in granular materials as well as tests that measured the changes in 

engineering properties of the materials as a result of fragmentation. The theoretical analyses 

evaluated the level of fragmentation in the g

ring properties of the granular material has been acquired. Two distinct types of 

fragmentations namely peripheral fragmentation and total fragmentation were initially 

recognized. Fragmentation levels 

 af er fragmentation of the granular materials and by the use of the fractal dimension concept 

actal theory.  

panied by higher fractal fragmentation number, D . An area-perimeter 
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dimens

Crushing tests that involve total fragmentation as well as peripheral fragmentation were 

observed when fragmentation was induced using the Ring shear apparatus in shearing mode, the 

Universal testing machine in the static compression mode and the Standard proctor in the 

repeated impact mode. Fragmentation of the particles that had undergone total destruction of the 

grain structure produces smaller particles with a wide range of sizes. Evaluation of the 

fragmentation by the fragmentation fractal dimension DF as well as the particle size distribution 

(PSD) 

As a result of fragmentation, the engineering properties of the granular materials such as, 

the elastic moduli, the hydraulic conductivity and the internal angle of friction, were affected. 

The ob

• Using the wave velocities measured by an ultrasonic velocity apparatus (Pundit type), it 

was determined that fragmentation causes an increase in the elastic moduli of granular 

materials. 

• Using the constant head method with an upward flow permeameter, it was determined 

that the hydraulic conductivity decreased with an increase in the level of fragmentation. 

• Due to the particles becoming more rounded as the level of fragmentation increases and 

with the inclusion of higher proportion of finer particles surrounding the larger more 

angular grains, the angle of internal friction decreases with fragmentation. 

 

ion of their profiles decreases in value with more significant reduction is obtained in 

angular than in round-shaped gravels. 

 

curve shows that as a result of changes in the PSD from uniform to well-graded the fractal 

fragmentation dimension increases in value. 

 

servations were as follows; 
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Fragmentation due to weathering was analyzed in terms of the angle of repose of a binary 

mixture of soil. The angle of repose is important in the slope stability study involving slope 

evolution as suggested by the Lehman model that takes into account of this special characteristic 

roperty of the granular material. Failed materials consisting of large as well as fine particles that 

re exposed to weathering fall and form talus with a certain angle of repose at the toe of a slope. 

he magnitude of the angle of repose defines the progression of the toe of the slope as well as 

the retreat at nd the inter-

ranular friction of the grains and the interface base friction was therefore developed. 

 
From the results of the funnel test using smooth surface glass base and rough porous 

stone base it was evident that the angle of repose a granular material is affected by the interface 

friction between the granular material and the base material. The different compositions of the 

binary granular mixture also affected the angle of the sand pile. 

 
The introduction of fractal analysis method and the focus on establishing a relationship 

that provides a different perspective and physical meaning between rock fragments fractal 

dimensions and its engineering properties have also resulted in some encouraging and exciting 

findings. For example, a comparison of the laboratory results to that as predicted theoretically by 

Kozeny’s, it is found that among the other factors considered, hydraulic conductivity can be 

better estimated with the inclusion of the degree of fragmentation of the porous medium. On this 

note the knowledge of fractal fragmentation dimension DF that quantifies the fragmentation 

provides an encouraging prospect in the prediction for example that of the hydraulic conductivity 

f a crushed granular material. 

p

a

T

the crown. A theoretical relationship between the angle of repose a

g

o
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APPENDIX A 
 
 
 

BROMHEAD RING SHEAR 
 

Table 20  Sample of Ring Shear Test Data for Normal Stress: 15 kPa 

 

or the shear stress-displacement relationship. 
 

R2 (cm) 5
R1(cm) 3.5 Machine Rate(grade

 
 

 
Load (kg) 6.11 December 3, 2001

Verical Stress (kg/cm²) 0.1525 Test 11
L (cm) 15.72

Area of the Sample (cm²) 40.05

s 1.2

grades τ (kPa)

0 9:00:00 0 0 0.10 0 0.13 0.01060 0.000 0.00
1 9:00:50 -22 29 1.05 32 1.21 0.10344 0.074 10.15
2 9:01:40 -49 32 1.15 38 1.41 0.11718 0.148 11.50
3 9:02:30 -73 28 1.02 42 1.55 0.11735 0.223 11.51
4 9:03:20 -96 29 1.05 32 1.21 0.10344 0.297 10.15
5 9:04:10 -99 25 0.92 33 1.25 0.09899 0.371 9.71
6 9:05:00 -100 24 0.89 39 1.45 0.10674 0.445 10.47
7 9:05:50 -110 21 0.79 41 1.52 0.10533 0.519 10.33
8 9:06:40 -119 12 0.49 42 1.55 0.09339 0.594 9.16
9 9:07:30 -124 21 0.79 44 1.62 0.10995 0.668 10.79

10 9:08:20 -128 21 0.79 40 1.48 0.10379 0.742 10.18
12 9:10:00 -151 23 0.85 42 1.55 0.10987 0.890 10.78
14 9:11:40 -152 28 1.02 37 1.38 0.10965 1.039 10.76
16 9:13:20 -155 24 0.89 30 1.14 0.09287 1.187 9.11
18 9:15:00 -169 32 1.15 32 1.21 0.10793 1.336 10.59
20 9:16:40 -168 29 1.05 31 1.18 0.10189 1.484 10.00
25 9:20:50 -160 32 1.15 26.5 1.03 0.09945 1.855 9.76
30 9:25:00 -161 29 1.05 19 0.77 0.08338 2.226 8.18
35 9:29:10 -162 25 0.92 25 0.98 0.08665 2.597 8.50
40 9:33:20 -169 35 1.25 19 0.77 0.09237 2.968 9.06
50 9:41:40 -154 35 1.25 27 1.04 0.10471 3.710 10.27
60 9:50:00 -160 41 1.44 19 0.77 0.10135 4.452 9.94
80 10:06:40 -139 46 1.61 5.5 0.32 0.08799 5.937 8.63

100 10:23:20 -132 47 1.64 5 0.30 0.08871
125 10:44:10 -127 48 1.67 4 0.27 0.08866
150 11:05:00 -118.5 40 1.41 6 0.33 0.07978
200 11:46:40 -92 54 1.87 2.5 0.22 0.09532
250 12:28:20 -85 62 2.13 13 0.57 0.12350
300 13:10:00 -46 42 1.48 12 0.54 0.09204
360 14:00:00 -38 39 1.38 22 0.87 0.10298

time Vertical (0.001") A A(kg) B B(kg) τ (kg/cm²) dh

 
 

efer to the plot on Figure 11(b) fR
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Table 21  Sieve Analysis and Manipulation of rain Size Distribution for Fractal Dimension  

 
 

 

As plotted on Figure 15: Fractal dimension of the fragmented granular soil. 
 
 
 

Table 22  Crushing of Quartz Sand at Increasing Normal Load (N) 

 

 
 
Refer to the plot in Figure 18(b). 
 

 G

Normal Load is 6.11kg. Sieve Sieve size r/rL M(R<r)/MT

Sieve size wt. of sieve wt of sieve + soil soil wt. % retain % pass #10 2 1 1
16 503.9 528.87 24.97 79.83 20.17 #16 1.19 0.595 0.2017263
20 487.52 491.04 3.52 11.25 8.92 #20 0.84 0.42 0.0891944
30 382.75 383.2 0.45 1.44 7.48 #30

460.6 1.27 4.06 3.42 #50
56.98 0.89 2.85 0.58 #100

0.6 0.3 0.0748082
50 459.33 0.297 0.1485 0.0342072
100 356.09 3 0.15 0.075 0.0057545
200 300.88 300.99 0.11 0.35 0.22 #200 0.075 0.0375 0.0022379
pan 370.3 370.37 0.07 0.22 0.00 pan

31.28 100.0 DF=3.0- 1.7497
    = 1.2503
DF=1.2503

N (kg) kPa Fractal,DF φ (degree)

6.11 15 1.3852 37.6
23.76 58.2 1.5291 31.67

40 101 1.6108 30.09
80 199 1.8056 28.36

103.76 254 1.834 33.36
120 297 1.9313 27.82

143.76 352 1.9733 29.81
160 394 2.0417 27.52

183.76 450 2.0789 26.82
200 492 2.1084 28.62

223.76 548 2.1447 27.34
321.12 786 2.2409 27.47
401.12 982 2.2117 27.27
481.12 1178 2.3325 28.3
561.12 1374 2.3083 28.61
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APPENDIX B 
 
 
 

ANGLE OF REPOSE (FUNNEL TEST) 

Table 23  Sample of Tes with Porous Stone Base 

 
 
 

 
 

t Data for 100% Coarse and 100% Fine Sand 

 

BASE: Porous stone
#16: 100% Fines:   0%

No.Test i ii iii iv D (D-d)/2 2H/(D-d) φ
1 3.565 3.612 3.757 3.65 3.646 1.716 0.874 41.158

42.75 44.5 42.5 42.25 43.000
2 3.275 3.3 3.3 3.375 3.313 1.549 0.968 44.075

42.75 42 42.75 42 42.375
3 3.524 3.34 3.359 3.59 3.453 1.620 0.926 42.804

41.75 42.3 41.9 41.5 41.863
4 3.59 3.59 3.665 3.475 3.580 1.683 0.891 41.710

42.3 41.5 40.65 42.8 41.813
5 3.675 3.5 3.655 3.786 3.654 1.720 0.872 41.091

41.2 41.5 41.5 42.45 41.663
Ave: (visual) 42.181 (calculated) 42.167

#16:  0% Fines: 100%
No.Test i ii iii iv D (D-d)/2 2(H-h)/(D-d) φ

1 3.96 3.96 3.985 4.04 3.986 1.886 0.758 37.168
38.5 37 37 37.5 37.500 (h=0.08)

2 3.969 3.99 3.95 3.996 3.976 1.881 0.755 37.048
38.15 37.65 38 37.75 37.888 (h=0.08)

3 3.65 3.65 3.75 3.75 3.700 1.743 0.775 37.759
37 36.75 36.4 37.3 36.863 (h=0.15)

4 3.76 3.75 3.76 3.814 3.771 1.779 0.759 37.201
36.5 37.2 36.5 36.75 36.733 (h=0.15)

5 3.975 3.963 4.075 4.05 4.016 1.901 0.747 36.761
36.8 37.05 36.75 35.5 36.525 (h=0.08)

Ave: (visual) 37.2326 (calculated) 37.187
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APPENDIX C 
 
 
 

DIRECT SHEAR TESTS 
 
 

Table 24  Sample of Direct Shear Test Data 

 
 

Direct Shear Test
1psi = 6.8943 kPa

FINE Sand Passing #150 and Coarse Retained #16 Sample wt(g): 83.00 1psi = 0.0703 kg/sq.cm.
speed in/m0.052 (1.32588mm/min) Sample Thickn 0.68
Proving R #356 Diameter(in) 2.5
Top Plate 833.3 g     ( =1.8374 lbs.) Area(sq in) A: 4.91

Shear τ (psi): T/A

(1) Fine Sand    = 23.5 % Act. mix is 20% Fines (2) Fine Sand    = 31.6 % Act.:33.3% (3) Fine Sand    = 46.8 % Act.:44.4%
Coarse Sand= 76.5 % Coarse Sand= 68.4 % Coarse Sand= 53.2 %

Date: Oct. 23, 2002 N=(833+5618.81)g Date: Oct. 24, 2002 N=(833+5618.81)g Date: Oct. 24, 2002 N=(833+5618.81)g

N (lbs): 14.23 σ max( 3.06 N (lbs): 14.23 σ max(ps 3.13 N (lbs): 14.23 σ max(p 3.58
Time VerticaH.dial HDeformCorrectLoad S.Force Shear Vertica H.dial HDeforCorrect Load S.Force Shear Vertical H.dial HDeforCorrectLoad S.Force Shear

1x10-3in readin in area A dial T (lbs)  τ(psi) 1x10-3in readin in area A dial T (lbs)  τ(psi) 1x10-3in reading in area A dial T (lbs)  τ(psi)
 00:00 0 0 0.000 4.909 0 0.000 0.000 0 0 0 4.9087 0 0.000 0.000 0 0 0 4.909 0 0.000 0.000
 00:15 0 15 0.015 4.871 50 7.250 1.488 0.5 12 0.012 4.8787 48 6.960 1.427 0 14 0.014 4.874 38 5.510 1.131
 00:30 2 31 0.031 4.831 63 9.135 1.891 3 27 0.027 4.8412 66 9.570 1.977 0 30 0.03 4.834 53 7.685 1.590
 00:45 4.5 47 0.047 4.791 71 10.295 2.149 1 45 0.045 4.7962 63.5 9.208 1.920 0 45 0.045 4.796 60 8.700 1.814
 01:00 5.5 60 0.060 4.759 80 11.600 2.438 5 54 0.054 4.7737 69 10.005 2.096 0 60 0.06 4.759 59 8.555 1.798
 01:15 7 73 0.073 4.726 83 12.035 2.546 8 63 0.063 4.7513 74 10.730 2.258 0 77 0.077 4.716 61 8.845 1.875
 01:30 6.5 83 0.083 4.701 83 12.035 2.560 9.5 79 0.079 4.7113 78.5 11.383 2.416 0 93 0.093 4.676 66 9.570 2.046
 01:45 6 92 0.092 4.679 85 12.325 2.634 10 92 0.092 4.6788 79 11.455 2.448 0 109 0.109 4.636 68 9.860 2.127
 02:00 6 102 0.102 4.654 88 12.760 2.742 9 109 0.109 4.6363 79 11.455 2.471 -1 125 0.125 4.596 69 10.005 2.177
 02:15 6 112 0.112 4.629 87 12.615 2.725 10 135 0.135 4.5714 87 12.615 2.760 -1 137 0.137 4.566 69 10.005 2.191
 02:30 7 132 0.132 4.579 86 12.470 2.723 11 143 0.143 4.5514 87.5 12.688 2.788 -1 150 0.15 4.534 70 10.150 2.239
 02:45 8 146 0.146 4.544 84 12.180 2.680 11 157 0.157 4.5165 87 12.615 2.793 -2 165 0.165 4.497 70 10.150 2.257
 03:00 9 165 0.165 4.497 84.5 12.253 2.725 11 172 0.172 4.4791 87 12.615 2.816 -3.5 182 0.182 4.454 73.5 10.658 2.393
 03:15 8 182 0.182 4.454 87.5 12.688 2.848 9.5 186 0.186 4.4442 87 12.615 2.839 -4.5 196 0.196 4.419 72 10.440 2.362
 03:30 7.5 194 0.194 4.424 89 12.905 2.917 9 200 0.2 4.4093 87 12.615 2.861 -6.5 209 0.209 4.387 71 10.295 2.347
 03:45 9 212 0.212 4.379 89 12.905 2.947 8 216 0.216 4.3694 87 12.615 2.887 -8 222 0.222 4.354 69 10.005 2.298
 04:00 7.5 225 0.225 4.347 89 12.905 2.969 7 233 0.233 4.3271 87 12.615 2.915 -9 235 0.235 4.322 75 10.875 2.516
 04:15 8 243 0.243 4.302 89.5 12.978 3.016 6 247 0.247 4.2922 86 12.470 2.905 -10 250 0.25 4.285 75 10.875 2.538
 04:30 8 255 0.255 4.272 89.5 12.978 3.038 5 262 0.262 4.2549 86 12.470 2.931 -12 265 0.265 4.247 75 10.875 2.560
 04:45 7 268 0.268 4.240 89 12.905 3.044 5 277 0.277 4.2177 87 12.615 2.991 -13 278 0.278 4.215 75 10.875 2.580
 05:00 7 283 0.283 4.203 89 12.905 3.071 4 290 0.29 4.1854 87 12.615 3.014 -14 294 0.294 4.175 76.5 11.093 2.657
 05:15 6 300 0.300 4.161 89.5 12.978 3.119 3 305 0.305 4.1481 88 12.760 3.076 -15 307 0.307 4.143 77 11.165 2.695
 05:30 5 314 0.314 4.126 88 12.760 3.093 2 319 0.319 4.1134 89.5 12.978 3.155 -16 326 0.326 4.096 78 11.310 2.761
 05:45 4.5 328 0.328 4.091 88.5 12.833 3.137 0.5 331 0.331 4.0837 92 13.340 3.267 -17 340 0.34 4.061 78 11.310 2.785
 06:00 4 340 0.340 4.061 91 13.195 3.249 -2 347 0.347 4.044 90.5 13.123 3.245 -18 359 0.359 4.014 78.5 11.383 2.835
 06:15 4 352 0.352 4.032 92 13.340 3.309 -3 364 0.364 4.002 90.5 13.123 3.279 -18.5 375 0.375 3.975 81 11.745 2.955
 06:30 2 366 0.366 3.997 91 13.195 3.301 -4 377 0.377 3.9698 89.5 12.978 3.269 -20 390 0.39 3.938 79.5 11.528 2.927
 06:45 1 382 0.382 3.957 91 13.195 3.334 -3.5 390 0.39 3.9377 91.5 13.268 3.369 -21 404 0.404 3.903 79.5 11.528 2.953
 07:00 0 397 0.397 3.920 91 13.195 3.366 -4.5 406 0.406 3.8982 92 13.340 3.422 -14 420 0.42 3.864 79 11.455 2.965
 07:15 1 412 0.412 3.883 91.5 13.268 3.416 -6 422 0.422 3.8588 92 13.340 3.457 -16 437 0.437 3.822 82 11.890 3.111
 07:30 2 427 0.427 3.846 92 13.340 3.468 -7 437 0.437 3.8218 91.5 13.268 3.472 -18 450 0.45 3.79 80.5 11.673 3.080
 07:45 1 442 0.442 3.810 91 13.195 3.464 -9 455 0.455 3.7775 87 12.615 3.339 -19 465 0.465 3.753 56 8.120 2.164
 08:00 1 458 0.458 3.770 91.5 13.268 3.519 -11 474 0.474 3.7309 94 13.630 3.653 0 0.000
 08:15 0.5 473 0.473 3.733 91 13.195 3.534 -12 488 0.488 3.6965 96 13.920 3.766 0 0.000
 08:30 1 490 0.490 3.692 91 13.195 3.574 -13 503 0.503 3.6598 94 13.630 3.724 0 0.000
 08:45 1 505 0.505 3.655 91 13.195 3.610 -13 516 0.516 3.628 95 13.775 3.797 0 0.000
 09:00 0 520 0.520 3.618 91 13.195 3.647 -17 533 0.533 3.5864 95.5 13.848 3.861 0 0.000
 09:15 -1.5 538 0.538 3.574 97 14.065 3.935 -18 547 0.547 3.5522 94 13.630 3.837 0 0.000
 09:30 -1.5 555 0.555 3.533 98 14.210 4.022 -19 560 0.56 3.5205 92 13.340 3.789 0 0.000
 09:45 -2 572 0.572 3.491 93 13.485 3.862 -20 572 0.572 3.4913 90 13.050 3.738 0 0.000
 10:00 -2 583 0.583 3.465 85 12.325 3.557 -20 586 0.586 3.4573 94.5 13.703 3.963 0 0.000
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APPENDIX D 
 
 
 

CA  

 

T   

 

 

LCULATION OF ANGLE OF FRICTION
 

able 25  Sample Calculation of Interface Friction (Basal friction)

 

 Øm is always larger or equal to β
 And when Øm=β, we have: FOR POROUS STONE

Percentage (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15)

Fines

Øm  β tan β cos Øm cos2 Øm sin Øm sin2 Øm cos β (E4)/(I8) 2[1-(J9)2]0.5 1+(H7)+(K10) tan β.cos2 Øm (M12)/(L11) Calculated 

Øi=tan-1(N13)
Lab Results 

Øi
0 42.50 42.2 0.907 0.737 0.544 0.676 0.456 0.741 0.9952 0.195 1.651 0.493 0.298 16.6 29.55
15 41.30 40.8 0.863 0.751 0.564 0.660 0.436 0.757 0.9924 0.246 1.681 0.487 0.290 16.2 29.45
25 40.40 39.8 0.833 0.762 0.580 0.648 0.420 0.768 0.9912 0.264 1.684 0.483 0.287 16.0 28.95
35 39.80 39.7 0.830 0.768 0.590 0.640 0.410 0.769 0.9985 0.108 1.517 0.490 0.323 17.9 27.70
50 38.50 38.5 0.795 0.783 0.612 0.623 0.388 0.783 1.0000 0.000 1.388 0.487 0.351 19.3 25.35
65 38.05 38.1 0.783 0.787 0.620 0.616 0.380 0.787 1.0000 0.000 1.380 0.485 0.352 19.4 24.30
75 37.65 37.7 0.771 0.792 0.627 0.611 0.373 0.792 1.0000 0.000 1.373 0.484 0.352 19.4 22.00
85 37.50 37.5 0.767 0.793 0.629 0.609 0.371 0.793 1.0000 0.000 1.371 0.483 0.352 19.4 21.75
100 37.20 37.2 0.759 0.797 0.634 0.605 0.366 0.797 1.0000 0.000 1.366 0.482 0.353 19.4 21.65

FOR GLASS

Percentage (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15)

Fines

Øm  β tan β cos Øm cos2 Øm sin Øm sin2 Øm cos β (E4)/(I8) 2[1-(J9)2]0.5 1+(H7)+(K10) tan β.cos2 Øm (M12)/(L11) Calculated 

Øi=tan-1(N13)
Lab Results 

Øi
0 42.50 33.56 0.663 0.737 0.544 0.676 0.456 0.833 0.885 0.932 2.388 0.361 0.151 8.6 7.9
10 41.60 33.40 0.659 0.748 0.559 0.664 0.441 0.835 0.896 0.889 2.330 0.369 0.158 9.0 10.1
20 40.80 35.10 0.703 0.757 0.573 0.653 0.427 0.818 0.925 0.759 2.186 0.403 0.184 10.4 11.6
30 40.00 34.90 0.698 0.766 0.587 0.643 0.413 0.820 0.934 0.714 2.127 0.409 0.192 10.9 12.2
40 39.50 36.67 0.744 0.772 0.595 0.636 0.405 0.802 0.962 0.546 1.951 0.443 0.227 12.8 12.4
50 38.50 36.93 0.752 0.783 0.612 0.623 0.388 0.799 0.979 0.408 1.796 0.460 0.256 14.4 15.7
60 37.80 37.50 0.767 0.790 0.624 0.613 0.376 0.793 0.996 0.179 1.555 0.479 0.308 17.1 17.2
70 37.70 37.70 0.773 0.791 0.626 0.612 0.374 0.791 1.000 0.000 1.374 0.484 0.352 19.4 15.1
80 37.60 37.60 0.770 0.792 0.628 0.610 0.372 0.792 1.000 0.000 1.372 0.483 0.352 19.4 18.3
90 37.40 37.40 0.765 0.794 0.631 0.607 0.369 0.794 1.000 0.000 1.369 0.483 0.352 19.4 19.2
100 37.10 37.10 0.756 0.798 0.636 0.603 0.364 0.798 1.000 0.000 1.364 0.481 0.353 19.4 20.3

iφtan =
)sin1(2

2sin
2

m

m

φ
φ

+

iφtan =
2

2

2
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12sin1

costan
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APPENDIX E 
 
 
 

HYDRAULIC CONDUCTIVITY TEST  
 

Table 26  Sample of Test Data for Gravel Crushed at 18.24 MPa 

 

Figure 70  Fractal Fragmentation nd Hydraulic Conductivity Plots 

AN G U LA R grave ls :P= 12900 LB S D ate: 2 -Jan-04 18:40 pm

C om press ion  Load : 12900 lbs   = 5843.7 kg
A  = πD 2/4    = 31.44161 sq.cm . = 4.873459 sq.in . P is ton Load: 2035.52 g     = 2 .04 kg
D  = 2.491 in           = 6 .32714 cm . M axim um  C rush ing Load P 5845.74 kg

S tress (P /A ) 1859235 kg/sq .m .
18239100 N /sq.m .

18.24 M Pa

C R U SH IN G  LO AD  = 12900 lbs
ST R ESS           = 2647.0 psi

           = 18.24 M Pa

M (R <r)/M T

S ieve no. w t. o f s ieve s ieve+A grave A ngularG rave %  reta in %  pass s ieve opening r/rL FractionP ass i M ean s ieve R eta ined 
(g ) (g ) (g ) 100 6.350 1 1 size, D i m m M ass, M i M i/D i 

4 536.63 784.03 247.40 43.13 56.87 4.750 0.7480 0.5687 5.550 43.13 7.77
10 451.53 630.96 179.43 31.28 25.60 2.000 0.3150 0.2560 3.375 31.28 9.27
20 407.90 472.11 64.21 11.19 14.41 0.833 0.1312 0.1441 1.417 11.19 7.90
40 365.72 388.55 22.83 3.98 10.43 0.420 0.0661 0.1043 0.627 3.98 6.35
60 324.17 334.30 10.13 1.77 8.66 0.246 0.0387 0.0866 0.333 1.77 5.30

100 355.86 365.56 9.70 1.69 6.97 0.150 0.0236 0.0697 0.198 1.69 8.54
140 304.03 311.84 7.81 1.36 5.61 0.106 0.0167 0.0561 0.128 1.36 10.64
200 299.87 312.24 12.37 2.16 3.45 0.075 0.0118 0.0345 0.091 2.16 23.83
pan 374.80 394.60 19.80 3.45 0.00 96.55 79.60

573.68 100.00

 
 
 
 

P=18.2 MPa; y = 0.6124x0.5995

DF= 2.4005  R2 = 0.933
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Calculation for the hydraulic conductivity: 
 
 

 
 

sing equation (8.3) 

          

Dm=ΣΜi/Σ(Mi/Di)
Dm = 1.212993 mm 0.001213 m

take; Cs  = 700 (round- 360;angular-700)
λ/θ = 1.02854 sq. mm/s at 200C 1.03E-06 sq. m/s

e3/(1+e)= 0.064185

e, k = 1.801465 /Cs m/s Equation 58.2 Therefor
180.1465 /Cs cm/s ;Fundamentals of Geotechnical Analysis (ISDunn, LRAnderson, FW Kiefer, 1980)

10 
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draulic conductivity of the specimen ks is obta
 

 

 

 

0.2574 cm/s

D = 0.40 mm
Th e, k = 100(D10)

2 
Hazen

16.00 cm/s

k = 0.0576 cm/s Lab

S.Gstones G 2.67
dry wt Ws 572.65 g
ht of stone 9.90 cm
tube dia 6.33 cm

e

x-sec area 31.442 sq.cm
volume V 311.27 cc 0.010992 cu.ft.
dry density χd=Ws/V 1.840 g/cc (dry unit weight)

void e 0.4535
3/(1+e)  = 0.064185

e
eD

C
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s +
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